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Y Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Zpo�`�iN^�d\egf2eghGiNj[k lmZ l?Z q
r Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z-d\egf2s9bN^td]f2eghGiNj[k lmZ l?Z Y
r Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]ZcuLhvhvbNfafa^�uLhvocwciNfa^ l?Z n
r Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Zxu[hvbyo�ezb lmZ n{Z n
r Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z+uLhvh|bNf2fa}~u[hGw�egw���uLhvs�k!��eghv��oc^ lmZ n{Z q
� Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z(uLhvhvbyf2f�s9b-hG��ego�bN����eg��hGh lmZ n{Z Y
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� Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z!s;eg}���^�d]o�`���^ n{Z n
� Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z�d\egs8eg}��N}�ezbNhG��s�oc����h|�]w�bNf n{Z q
� Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z�^�o�`�ipd]d n{Z Y
� Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z�d\egh|bNf2ftd\egjL��� n{Z r
� Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[o�ez�]��j�s�b�^�f2s�^ n{Z �
� Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\ZyiNk!o�� byhGo�e2eg��k!��s;eg}��]w�bNf n{Z �
� Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z�d\ego�`�i n{Z �
� Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\ZyuLhvhvbyf2fa^�d]o�`�i n{Z �
� Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\ZchvbNegj�s�b-d\egiN���Cd]^�^�� eghvo��]hvocj n{Z ¡
¡ Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z¢� egd\��d�s8eg}���e+� eghvs���s8eg}�� n£Z n£l
n£l Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z�Z d\ego�eg��ipd\eg�Ceg}�jLe+d\egoc}��]��^¤d[`Cegj[� n£Z nmn
nmn Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z�^��Ceg}�j¥s9b�d\egochv��i n{Z nVn{Z n
nmn Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z[Z]Z\Z[Z¦d[eghv��jL��egw q
nmn Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z§d\eghv��jL��egw¨s9bpd\eg��ez�Cd qPZ n
n7q Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z¨Z d[eghv��jL��egw�s9bp^�}C�Coc^ q©Z n{Z n
n7q Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z�d\eghGo��]��f2s�k¦d[eghv��jL��egw qPZ q
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n7q Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z�uLd]hvoc��egs;^¤d\hv��jL��egw q©Z qPZ n
n7q Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z�d\eghvo��]f+eg��eg��hvo���d\eghG��j[��egw q©Z qPZ q
n£Y Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z;^�hv��jL��egw�s9b-s8eg}�� qPZ Y
n r Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z ^�hG��j[��egw�s9bphvjLs���s8eg}�� q©Z Y?Z n
n r Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z�d\egiN���Cd]^�s�hvbNegj-� egh|�]ocj q©Z Y?Z q
n r Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z$d\egiN���Cd]^�s�hvbNegj-� eghvo��]hvocj qPZ r
n r Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[^�hG��j[��egw�s9b�d\egwchv��o qPZ �
n � Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z�d[egw�hG��o�hGktd\e `CegjL�[� eghGf q©Z � Z n
n � Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z§d\egwchv��o � hGk+s�uLhvk!��d q©Z � Z q
n � Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z2^ae ezbp^a`�hGfa}~d\egwchv��o qPZ �
n{¡ Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z?d]oc������^ qPZ �
q©l Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z(d[ego������ q©Z � Z n
q{n Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z d]oc������^¢hGs�s9� q©Z � Z q
qmq Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z�� d]}��Cocegf¦^�hv��jL��egw�s9b-d\o������ q©Z � Z Y
q©Y Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z d\egwci0eg�[d[ego������ q©Z � Z r
q r Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Zx^���egwc^�^ ^�hG��j[��egwc^¢d\o������ q©Z � Z �
q � Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z9eg^�bys��~o�`�iNf d[ego������ q©Z � Z �
q � Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z d[eghvs�hG}�k!hv����ocwchG` q©Z � Z �
q � Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z Z d]hvo��]faocw�^�o�eg��}�^���egd]��^¤^ahv��jL��egw q©Z � Z �
q{� Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z��Ìh|b0egj��	� ����o���s
� s;ego�� ^afaocw��uLhvhG`�egiNh2uLh|�]w�bNf q©Z � Z ¡
Y;q Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z¤d\ego�egfaj§d[eghv��jL��egw qPZ �
YmY Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z�Z s��]hvw�egs�s�s9� qPZ ¡
Y � Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z;o�egs�hGh|��d\k+� i0eg� q©Z n£l
Y9� Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z§d]hvs;s9��^ahv��jL��egw¨oceg}���o�egs�hvhv�_o�ez� qPZ nPl?Z n
Y?¡ Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z¨^�k!hG��b-d �Coc��^ qPZ nPl?Z q
r l Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z9o�egs�hvhv��d]� i0eg� qPZ nPl?Z Y
r n Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z ocegs;hvh|� d]� i0eg��}~b0egfah|bNs�d\egk!fa�Ie ` qPZ nPl?Z r
r Y Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z d\egoc������^¤d[eg��ez�Cd��8fai�s���^ahv��jL��egw¨d]j[h�`�} q©Z nmn
r7� Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z ^�jLhG`C}�s$d\eg��ez�Cd qPZ nVn{Z n
r7� Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z uLegf2o��]iNj[k�d]j[h�`�} qPZ nVn{Z q
r � Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z2^a`CegjL��}�d\egochv��jLe2d\egochvf2j qPZ nVn{Z Y
r � Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z\Z]Z[Z\Z[Z\Z\Z\Z\Z�uLhv}�egochvj q©Z n7q
r � Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Zm� ez�\eghv�]}�ego�hGj qPZ n?qPZ n
r � Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z-u[hvbNegf2h|b0e��;��}~s9bpd]}CbN^�d\`CegjL�]�]w�bNf qPZ n?qPZ q
� q Z[Z\Z\Z\Z\Z\Z[Z\Z[Z\Z]Z[Z\Z\Z[Z\Z[Z]Z\Z[Z\Z\Z[Z]Z\Z[Z\Z[Z\Z Z
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F
^a`cb�oceg}��

a+ b ∈ F u[�
a, b ∈ F s9�Cs�Z n

�Ìd\eghv}�h|� �]f+egj�� d[eghvw�egs�hv� �
a+ b = b+ a

bNh
a, b ∈ F s9�Cs�Z q

�Ìd\eghv}�h|�]hG�CegiNk �
a+ (b+ c) = (a+ b) + c

�
a, b, c ∈ F s9�Cs�Z Y

a ∈ F s9�Cs
a+ 0 = a

uLhvhGj[fab§l(}~�gf2iN��b-oc}�hGktu[hGhvj Z r
a+ (−a) = 0

b �;� −a }��gfaiN��b§oc}�hGk bNh
a ∈ F s��Cs Z �

a · b ∈ F uL�
a, b ∈ F s9�Cs�Z �

ab = ba
uLhvhvjLd]f

a, b ∈ F s9�Cs�Z �
�
(ab)c = a(bc)

uLhvhGj[d]f
a, b, c ∈ F s��Cs Z �

∀a : 1 · a = a
uLhvhGj[fabpn'}��gfaiN��b-oc}�hGktuLhvhvj Z ¡

a · a−1 = 1
� b �;�

a−1 ∈ F uLhvhGj
0 6= a ∈ F s9�Cs�Z nPl

�Ìd\eghG}�hv�\eghv}�hGo��]iNhG` �
a(b+ c) = ab+ ac

u[hGhvjLd]f ∀a, b, c ∈ F Z nmn

x
y = x · y−1 � y 6= 0

s9�Cs�� 
���

��������	��
��������� �������! 

� o�`�iN^ d\egf+eghviNjLk��g^
R
s��¨d\egs���b�d[egw�i0eg�Ld\egf+eghviNjLk

P ⊂6= R
� b �;���ÌuLhv}�eghv� ^�u[hGocw�iNf2^¢d\k+ocjL��b �

P
d\hvd]hGfak¦^a�Ceg}�j¥d]d_bNh

R
s

x+ y ∈ P u[�
x, y ∈ P s9�Cs�Z n

x · y ∈ P u[�
x, y ∈ P s9�Cs�Z q

� uLhvk!��d]^�ft`�� k¦jLo�e2`C��k�u[hGhvjLd]f
x ∈ R

s9�Cs�Z Y

x = 0
egk −x ∈ P egk

x ∈ P egk
Z n � Y d\k!e]n � ¡(d]k¦uLhvhGj[fab§^a`cb�k eg^¤o�e `�ip^a`�b

Z
x − y ∈ P uLk��

y < x
egk��

x > y
� 
���

1 ∈ P ������" 68:$#

% `CegiNhGhv^¤d]� ��^�d]k_ocd\egi�^���e −1 · −1 ∈ P = 1
��k!e −1 ∈ P ��k

1 /∈ P � hG���\^�s�hvs�by^ �8o�`~s��'& " � >x@ "
Z
Q ⊂6= R

b�d\egocfas�s)(v��^�d\egf2eghGiNj[k!^�s9�~d]k¦k!hv^�uL�[d\fahvhGj[f
Q
uLhvhvs;��eghG��oc^¢uLhvocwciNfa^¤d]�Ceg}�j

d[egfas9bN^ d]f+eghviNjLk

uLhvhGj[d\f
s ∈ S s9�Cs¨uLk

S
oceg}���s;hv��s�f�uLiN��k eg^

b
h|bNf2f¦ocwciNf�b ocfak!�

S
u[hGh|bNfaf¦u[hGo�wciNf�d]�Ceg}�jp�gd]��^�} ���! *",+.-0/1"

�
s ≤ b

hGs�fahG��hvfa^¢u[iN� ^��gk+��Z s�hG�8s�f uLiN��k eg^�iNw�k¦u[��e�� Y7�0u[��e�� s�hv��s�f�u[iN� k!eg^tn �
S = {−1,− 1

2 ,− 1
3 ..., }

^��Ceg}�j[^¤o�eg}�� � k!fa�Ie `�s
Z l k eg^

Z s;hv��s�ftuLiN��k eg^
c � e c < b

uLhvhGj[fab
c
ocw�iNf�uLhvhGj_k!s�uLk�� eghvs;��u[iN� k+ocjLh

b
s�hG�8s;f u[iN� �2��3*"'+.-0/1"

Z
supS

hG`�h!s��
S
^��Ceg}�jL^�s9b�� eghGs���^¤uLiN� ^�d]k��gf2iN�

Y



�	��
�� � � �	
��������� �������!3

� d[egfas9bN^td]f+eghviNjLkt^���ez�Cfa^ d\w�i0eg�[^�f2eghGiNj[k�u[f2hvhGj[f¤u[hGh|bNfaf2^¢uLhvocwciNfa^
Z uyegfahGo�w�egi-bNh+^as�fa��s�ft^�f+egiN��b�uLhvhvbyf2f�s9b-^��Ceg}�j¥s9�Cs

F H�H©J�KLKNM�F H©OaQ!R KNM ��E��
uLhvocwciNfa^�d\k¤jLo�e�;k e uLhvhvbyf2fa^�uLhvocwciNfa^�d]k¤d\egochG`C��f d\egf2s9bN^ d]f+eghviNjLk e oc`CiN^�d\egf2eghGiNj[k¤b0egs9b'� d\e `cbN^¢d\egf2eghGiNj[k ¡

Z uLhvhvbyf2fa^
Z o�e `�ipk!s$^2`cb-uLhGe eg^�f � o�`�iN^�d]f+eghviNjLk¦d]k�u[hGfahvhGj[f¢u[��hGk � u[hG}C��egocf�u[hGo�wciNf

{1, 2, 3...} ^a�Ceg}�jL^ � uLhvhv��}C�]^¤uLhvocwciNfa^
{1,−1, 2,−2, 3,−3...} � uLhvf2s9bN^¤uLhvocwciNfa^� ���
������ � �	������� d]k¦uLhvf2hvjLf¢uLhvhG�8}��]^¢uLhvocwciNfa^

Z
x < n

b'�;�
n
hG�8}���ocwciNf�byh

x
h|bNfaf ocwciNf s9�Cs

�
k ≤ x uLhvf2hvhGj[fab k

uLhvf2s9bN^¤uLhvocwciNfa^¤s9�~d]k
S
}��gf2iN� & " � >A@ "

S = {k ∈ z|k ≤ x}
Z�b�� hv����� d\eghv��eg��^ u\bNs

Z
k0 = supS

uLhvhGj d\egfas9bN^ d]f+eghviNjLk¦hGw�s��z�Cs;e
x
hG`�h!s��¨s�hv��s�f ^�f+egiN�

S
^ao�hGd]i-eg��e

k ≤ k0 − 1
2 k ∈ S

s9�Cs$^�hv^�h+d]oc� k¦hv�
k0

1
2 < k1

ego�eg}��8b
S
s �8hvhvbyb

k1
uLhvhvj �z�Cs;eas�hv��s�f�u[iN�¢eg��hGk

k0 − 1/2
hG��k

Z
k ∈ S s���s

k ≤ k0
uLhvhvjLf�b¥ocd\eghG}��z�]j[^¢k eg^�b

k0
d\oc`C��^�s

Z
k1 + 1 > k0 − 1

2 + 1 = k0 + 1
2 > k0 ≤ S � s ∈ S u[k e

Z
k1 + x > x

�z�Cs;e
k1 + 1 /∈ S �z�Cs;e

Z
x < r < y

b-s��
r
hvs���eghv��o�ocw�iNf�bNh

x < y
uLhvhvbyf2f�u[hGo�wciNf

2
s9���ghv} �2�	��" 6 ��
�

��������� � ����� ���

Z
yn = x

egoceg}��;b
y0
ocwciNfa^¤k eg^

x1/n � x > 0, n ∈ Q oceg}��
x1/n d]k¦och�`���� ����� #���� �

Z
S = {y ∈ R|yn ≤ x, y ≥ 0} & "

� >A@ "
Z
supS

uLegf2hvocw�egi-^�s$bNh k!hv^¤d\egfas�by^¦d]f2eghGiNj[kthGw�s�� � �z�Cs;e2s�hG�8s�f ^af2egiN�
S
� �z��egfa�~Z

0 ∈ S h|��^aj[hGo�k!s$^a��eg}�j�k!hv^aeg�
(x+ 1)n > x⇒ x+ 1 > y∀y ∈ S

Z
x
s�b§bNo�ezby^ k eg^ �

y0
egs;`Ceg��bp� eghGs���uLiN�

S
s$bNh+d[egfas9bN^td]f+eghviNjLk¦hGw�s

�������.
�
�������� ����������� � ����������� ����� �! 

Z
r2 − r1 < ε

uL��e
r1 < α < r2

uLhvf2hvhvjLf�b
r1, r2 ∈ Q uLhvocwciNf_qNbNh+hG}�eghG�

ε
s9�Cs;e+hvbyf2f

α
s9�Cs ����� #��� �

Z
r < α

hGs�k!��eghG��o¨ocwciNf�o�� }�� & " � >x@ "
0 < S < ε

hvs�k!��eghv��o�ocw�iNf oc� }��
n > α−r

s

b �;�
n
hv��}C�_ocw�iNf¤bNh i0`�f2h|�Cock¦d]��ez�Cd�hGw�s

Z d\k+�[u[hGhvjLf�b-�z�]j hv�C^¢hG�8}��]^ � iNfa^
n0

k!hv^�h
n0 >

α−r
s > n0 − 1

hG��k
r + sn0 > α > r + s(n0 − 1)

Z
r1 = r + sn0, r2r + s(n0 − 1)

hG^�h

r
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Z hvw�egiN��hvk�hv��ego�bN��ocw�iNf�d]oc����}���eg��h+byh
α
h|bNf2f o�wcf�s9�Cs ����� #���� �

√
2 = 1.41...

2.0 = 1.99999...
Z d\eghv��eg�Lu\bNs�hvs���eghG��o¨eg��hvk

α > 0
� hv��� & " � >x@ "

n0 < α < n0 + 1
b �;��� ezbNk!o�uLs9b

n0
k!��f2�

� uLhvocwciNf¤s�b-^�k!}�^�^�o�`�iN�[s���s9�Cd\iN�
n0, n0 + 1

10 , n0 + 2
10 , n0 + 3

10 , n0 + 4
10 , n0 + 5

10 , n0 + 6
10 , n0 + 7

10 , n0 + 8
10 , n0 + 9

10Z uLh|��egfai�uLhvocwciNf�q'�ghG}�s;wceg�
α

b ���~uLs9b0e
0 ≤ n1 ≤ 9

n0 + n1

10 ≤ α ≤ n0 + n1+1
10Z ��egiN��hvk_`�� �8h|bNfa������e

� �������

- )
�
)
	�� " - $ ) -

B�@ +.- 
#� � B�@ � @� / �

(k = 1, 2, 3 . . .) ak ∈ R
o�bNk2�

a1, a2, a3 . . . an
^�o�egoc}�^�����^�^�s$bNh|b§^aoc`Ci�k!hG^¢d]hGw�egiN��hGk¦^�o�`�i � ����",+.-0/1"

�+TV�[�cM W0O��!�cM �?E��
�.eg����eg��o����z�]j �

ε > 0
s9�Cs uLk � {ak}∞k=1

uL� d]��f2egiNfab��
a1, a2, . . .

^���egd]� ^�o�`�i�s�b s8eg}���^�k!ocjLh
a
hvbyf2f ocwciNf � �! *",+.-0/1"

Z |an − a| < ε
^�hv^ah+hG�8}��

N < n
s9�Cs�ego�eg}��8b

N(ε)
uLh|�]hG�8s�eg��faiN��e

ε � }~h�egs�d]^�� N hG�8}���ocwciNf�byh
��k¦�gf2iN�

an −−−−→
n→∞

a an → a

a = lim
n→∞

an

�Ì^�����eg^���hvi0eg^�s$bNh ��uLhv��ezb§d[egs;eg}��NhG�GbNs$iN���Cd]^�s�^�s;ez�Ch k!s
an

^aoc`Ci � �!3 #���� �

W0TP�!TV�[���LT{J�H��L�-O����pH��xQ+J�K �?EvD
� �;h�e e `���iN^¤�]w8bNf � ��� #���� �

�Ì^�����eg^���hvi0eg^�s$bNh ��Z
bn → a

uL�Lhv��k
an → a, cn → a

uLk e
n = 1, 2 . . .

s9�Cs
an ≤ bn ≤ cn uLk

�Ì^�����eg^��8hGi0eg^�s�bNh ��Z
ab + bn → a+ b

hG��k
an → a, bn → b

uLk � ��� #��� �

Z
an · bn → a · b hv��k an → a, bn → b

uLk � ��� #��� �

1
an

→ 1
a

hv��k
a 6= 0

�z��e
an → a

uLk � ��� #��� �

�



MLO�� RpWAW �?E��

an(n = 1, 2, 3 . . .)
^aoc`Ci-^���egd]�[hvhG^�d\e2^�s;eg�¨uLhvocwciNf�d]o�`�i

1 ≤ n1 < n2 < n3 . . .
hv^�d � ���*",+.-0/1"

Z ^�o�`�ipd]d k+ocjLd {ank
}∞k=1 = {an1 , an2 . . .}

^aoc`CiN^¤hG��k
�Ì� h|��eg^�s�bNh �aZ

ank
→ a

�
an

s9b�^�o�`�i-d\d_s�����k
an → a

uLk � ��� #��� �

Z d\iN�G�Cd\f�^a��hGk�d]hvo�egjLfa^�^aoc`CiN^�hG��k~s;eg}���^�egd[egk+sAd\egiN���Cd]f��g��hvk~o�bNk�d\ego�`�i¦hGd]d ocwciNf�d\s��8}$^�o�`�i bNh�u[k � ����� #���� �

W0T£HIJ K[K W0T���� � �?E	�
hG��k

a < 1
o�bNk2� �

a > 1
^�ocj[f2}�s�w��]�¦Z hGs�hv��eghG��o o�s

α
o�eg}���^�d]��ochG`���� � hvs���eghG��o

α
o�eg}��¤d[egj[���¥eg��o�`���^ � ��� � "'+ - /1"

Z �
aα = 1

( 1
a )

α

�z�Cs8e
n
s9�Cs

rn < k
hv��k �

k > α
hv��}C�

k
hG^�h\Z s�hG�8s�f¦^�f2egiN�

arn
hv��k �

α � s�d]iN���Cd]fa^ ^as;eg�¨uLhvs�k!��eghv��o�d]o�`�i {rn}∞n=1
^ahv^�d

Z
arn < ak

eg��f2iN��eas;eg}��Lbyh �z�Cs
aα = lim

n→∞
arn

O2T���
�� �+J M[K\�]M �?E �

{an} , {bn} eghv^ah � ���  *"
� �

� ↓ bn, ↑ an, an < bn
�
n ∈ N

s9�Cs
an ≤ an+1 ≤ bn ≤ bn+1

Z n
bn − an −−−−→

n→∞
0
Z q

hv��k
lim
n→∞

an = lim
a→∞

bn

Z hGw�egi-ocwciNf�k!eg^ s8eg}���^ae
Z u[hGiNw�k¦u[hG�;�]j�d]o�`�i�uLhvk!o�egj

I = [an, bn]
^aoc`CiNs � ��� 3�",+.-0/1"

Z uLs;ez�Cs�d]wcd\ezbNf�b ^a`Chv� h!d]� k¦^a`CegjL�]bNh uLhviNwcktuLhv�8�]j d]o�`�iNs � ������" 6 � 
�
R]UNO �xJ�H©O2T$T�
VU�\�+TV� �'Q+J K �?E��

Z d\iN�G�Cd\f ^�o�`�i-d\d_k!hG�Ceg^�s��gd]hv�\^�f2egiN�¢^�o�`�i-s��Cf � ����� #���� �

Z−∞ egk
+∞ � s$d]iN���Cd]f�bp^�o�`�i�d]d k!eg��f2s��gd]hv�\^�f2egiN�¢k+s�^�o�`�i

an
u[k � ��� � #���� �

�



W0TVO�� R �?E��
^aoceg��}�^a����^¤byh!^�}�b-^��Ceg}�j�d]k!�\d]hGw�egiN��hGk¦^�o�`�i

a1, a2, a3..., anZ ^�o�`�iN^�s9b
k
^¢oc}�hGk!^¤k!hG^

(k = 1, 2, 3...)ak ∈ R o�byk+�
f → R

uLhvhvbNfafas$uLhvhv��}C�]^¢d]k¦^aj[hGd]�8fab
f
^ahv��jL��egw�u[�[k!hv^�^�o�`�i

f(k) = ak(k = 1, 2, 3...)
^�o�`�i�s9b-s8eg}��yd]o�`���^

hG�8}��
n > N

s9�Cs5ego�eg}��;b �
ε
}¨h�egs�d b��

N
hG�8}�� � iNf�bNh

ε > 0
s��Cs uLk

a1, a2, ..an..
^a��egd\� ^�o�`�i�s9b¥s;eg}���^�k!ocj[h2h|bNfaf � iNf

^ahv^�h
|an − a| < ε

F HIHIJ�KLKNM W'O�� R �?E��

[0, 1]
}~uLhvs�k!��eghv��oc^

r = n
m , 0 ≤ n ≤ m

1 1
2

1

3
2

3
2
5

2

7
3

4
3
5

3

7

Z uLhvs;k+��eghG��o�^�d]o�`�i�s9bps;eg}��Lk eg^�h|bNfaf ocwciNf s9���z�Cs;e�� d]hGw�egiN��hGkt^�o�`�i�u[h�e eg^�f hvw�egi�k!s�egk�hvw�egi��;�]j�s9�C}~uLhvs�k!��eghv��oc^
Z ^as9b�^aoc`Ci-d]d�s�b-s;eg}��[k eg^ ^���egd]�[^�o�`�i-s�b-hvjLs���s8eg}��%� ^�o�`���^

an → a
^aoc`CiN^ s9��hG��k �

a
`�hv� h�e2`�� k�hvjLs���s;eg}��[bNh {an} ^���egd]�L^�o�`�iNs�u[k � ��� � #���� �

Z
(a− ε, a+ ε)

�8�]j�s���s��Cd]iN�[Z eg^�bNs9�
ε > 0

hv^�h � ^�����eg^
Z ^a��^��8�]j[}~uLhvk!��fa�\u[hGo�}�hvk s9bphvw�egi-o�wciNft`�}�s�f�^�o�`�iN^ hvoc}�hvk s9��� ��� ���

^aoc`Ci-d]d�k!hG^�b � eg��^¤^a�Ceg}�jLs$hG��k¦Z u[h � an �cegiN��hvk bNh (a− ε0, a+ ε0)
�8�]j[s �8eg� fab �;�

ε0 > 0
bNh!hv��k¦Z ^�h�eg��b-^a���8�]^�b���hG���

Z s;eg}��Lbyh hG��k � ^�ochvd]i�eg��e �
a 6= l

hGj[s;��s;eg}��LbNh
Z
(1 + 1

an

)an → e
�
an →∞ ^�o�`�i-s��Cs � ��� ���

Z hvbyf2f
x
s9�Cs�Z

(1 + x
an

)an → ex
� �gk+�Cf

Z
bxn → 1∀x hG��k bn → 1

u[k � ^ak+}�^�^����;�]}~oc���8^�s �8hvoc��^�����eg^�s

(

1 +
x

an

)an

=

(

(

1 +
x

an

)

an

x

)x

→ ex

Z
cxn → cx

hv��k
cn → c

uLk
Z cx

n

cx → 1
uLk¦s�(|�

Z eg^�bNs9�
ε > 0

hv^ah �
x > 0

� hG���
Z
δ > 0

o�bNk+��Z
1− δ < bn < 1 + δ

^ahv^�h
n > N

s9�Cs9b ���
N
uLhvhGj

�



0 < δ < min
{

1,
ε

2[x]+1

}

L = [x] + 1

1− ε < 1− δ · 2L < 1− Lδ < (1− δ)L <

< (1− δ)x < bxn < (1 + δ)x < (1 + δ)L =
L
∑

k=0

(

L

K

)

δk−1 < 1− δ
L
∑

1

(

L

K

)

< 1 + δ

k
∑

0

(

L

K

)

= 1 + δ(1 + 1)L = 1 + δ · 2L < 1 + ε

1− ε < bxn < 1 + ε

bxn → 1

H©J�T��_�+J WNTVR 
�� WAMNM��©T£H©O �'H©O � �?E��
Z |an − am| < ε

^�hG^�h
N < n,m

s��CsAego�eg}��8b
N = N(ε)

uLhvj
ε > 0

s9�CsAu[k~jLoceCu[k�hGwcegi s8eg}���sxd]iN���Cd]f {an} ^�o�`�i � �]w�bNf� ^�����eg^
Z � |am − a| < ε/2

hv��k �
N < m

uL�[uLk e�� |an − a| < ε
2

^�hG^�h
n > N

s9�Cs9b �;�
N
u[hGhvj hv��k �

an → a
��hG���

|an − am| ≤ |an − a|+ |am − a| <
ε

2
+
ε

2
= ε

Z{an} s���hvk!��d]^¤u[hGhvjLd]f2ea� hv���Z eg^�bNs9�
N < n

hv^�h Z
m = N + 1

oc� }���e
ε = 1

� jLhv�\Z hGwcegi�s;eg}���s�d]iN���Cd]f
an
b�s)(|�

|an − am| < 1

1− am < an < 1 + am

hG��k¥Z hvk!��d]} egf��
N
e
ε > 0

hv^ahLZ
an → a

^aoc`CiN^ts9��h|��� h|��eg�'Z
a
s;eg}���s�d]iN���Cd]f�b {ank

}∞k=1

� {an} s�^�o�`�ipd]d¥d]f2hvhvj§hv��k
Z |ank

− a| < ε
^�hG^�h

nk > N ′ o8bNk+��b ��� N ′ uLhvhvj��z�Cs;e �
ank
→ a

s�}�k_Z |ank
− an| < ε

hv��k
N < n

u[�Ie
nk > N

uLk
uL��e |ank

− a| < ε
uLhvhGj[d\f hv��k-Z

nk > N ′′ � ocf2egs9� s8e `��0jLhvwciNf nk oc� }�� n > N ′′ u[k hv��k�Z
N ′′ = max (N,N ′)

d]k oc��}��
Z |ank

− an| < ε
uLhvf2hvhGj[d]f

|an − a| ≤ |an − ank
|+ |ank

− a| < ε+ ε = 2ε

� o�ez�]^

Sn = 1− 1

2
+

1

3
− ...+ (−1)n−1

n

Z eg^�bys��
m < n

hG^�h

�



|Sn − Sm| =

(

1

m+ 1
− 1

m+ 2
+

1

m+ 3
− 1

m+ 4
+ ..

(−1)n−1

n

)

=
1

m+ 1
−
(

1

m+ 2
− 1

m+ 3
− 1

m+ 4
+ ..

)

≤ 1

m+ 1
< ε

Z |Sn − Sm| < ε
^�hv^�h [ 1

ε

]

< m < n
s9�Cs��z�Cs

sn = 1 +
1

2
+

1

3
+ ...+

1

n
sn → +∞
S2n − Sn =

1

n+ 1
+

1

n+ 2
+ ...+

1

2n
> n · 1

2n
=

1

2

Z
sn → +∞ �z�Cs;e

sn ↑ s�}�kthvw�egi�s;eg}���s$d\iN�G�Cd\f k+s�^�o�`�iN^ �z�Cs�uLhvhvjLd]f¤k!s$hvb0egj§� eghvo��]hvocj

�IT7W �xW��!TV�[�;T �IT£H������+TV�[� �?E�� �
Z hvjLs�� s8eg}��yu[hGk!ocegj�^aoc`Ci � d]d�s9b�s;eg}���s�Z }���oc^ �g}�egf2}~d]iN���Cd]f�b�d]� k�^�o�`�i�d]d d\eg� wcs�^�s$bNh hv��k � ^�o�`�i {an} ^ahv^�dZ ^�o�`�iN^ s�b�� eghvs;��s;eg}��Lk!ocj[h�eaocd\eghG}�s8e `���^ hvjLs�� ^¤s;eg}���^�d]k

l̄ = ¯liman
}~�gf2iN�

Z � egd]� d�s;eg}��Lk!ocjLh|b � ocd\eghv}��z�]jL^ hGj[s;��^�s;eg}���^�d]k
l = liman

}~�gf2iN�
Z−∞ <

� ≤ l̄ <∞ � ��k¦^�f+egiN� {an} uLkZ
bn = sup{an,an+1, an+2...} �gfaiN�\Z ^�f+egiN� {an} � ^�d\��� hv���

b1 = sup{a1, a2...an}
b2 = sup{a2...an}

Z
bn → b

s;eg}��L^as5bNh �z�Cs;e � ^�f2egiN��e+^�s;eg��k+s {bn} hv��kZ
bn → b = ¯lim an

� ^����;�
Z
cn → liman

Z d\`�o�egh k!s�^�o�`�i
cn

hG��k�Z
cn = inf{an, an+1 + ...} o�h�`���^�s��gd]hG�]^�f2e `~�gw�egk!}

Z
b
s�d]iN���Cd]f

akn

�z�Cs;e
bn − 1

n ≤ akn
≤ bn oc}�hvk¦eg��^�^�o�`�iN}~bNh �z�Cs;e {an, an+1...} ^�o�`�iNs�s�hG�8s�f¦u[iN� eg����hvk bn − 1

nhG^�bNs9� ^�o�`�i d\d {ajn}∞n=1

hv^�d�Z ocd\eghG} s;e `���^thvjLs�� ^ts;e `���^
b
h|��� h|��eg�(Z{an} ^aoc`CiN^¦s9b hvjLs���s;eg}��Nu[��f2egk k eg^

b
� �gk+�Cf

Z
l ≤ b h|��h|��eg�\Z l s;eg}���s�d]iN���Cd]f�b

Z
dn = sup {aj1 , aj2 , ..ajn ...}

ochG`����
Z
dn → l

hv��k
Z
dn ≤ sup{ajn , ajn+1, ..} = bjn

s�}�k
l ≤ b �z�Cs;e

ochG`�����e � ^�o�`�i {an}∞n=1
hv^ad eg������eg^

bn = sup {an, an+1, an+2, . . .}
cn = inf {an, an+1, an+2, . . .}

¡



eg������eg^ae {an} s9b � egd]� d]^�s;eg}���^¤d\k
liman

e+� eghvs���^�s;eg}���^¤d]k ¯liman
�gfaiN�\u[k�hv��k¦Z bNs�� ^t�g}�egf2} ↑ cn � bNs�� ^t�g}�egf2} ↓ bn hv��kZ

limn→∞ cn = liman � ^�f+e `��gwcegk!}�e limn→∞ bn = ¯liman
hv�

Z ¯lim an = liman
u[ktjLo�eauLkt}���oc^ �g}�egf2}~d]iN���Cd]f {an} ^�o�`�i � ^���j[iNfZ � egd]� d]^ts8eg}���s$^ae ezb�� eghvs���^�s;eg}���^¤�z�Cs;e

a � s�d]iN���Cd]ft^�o�`�i�d]d s9�~hv��k
an → a

u[k � ^�����eg^
Z
`
s�iN���Cd]^�s�d]}�hGhv��d\iN�G�Cd\f�bp^�o�`�i-d\d_s���hG��k �

`
eg��f2iN� � � egd]� d�s;eg}���s$^2e ezbp� eghGs���s;eg}��[uLk � �8w�hG^�s;e

Z
`
s�d]iN���Cd]f ^�s;ez��^�o�`�iN^�uL�[hG��k �

`
��eg}�j�o�wciNf2s$d\iN�G�Cd\f � d]iN���Cd]f�b�^�o�`�i-d\d�s9��uLk+b�eg������eg^ae

E�W0TVO2T£�;R WNT LTV� �2T�WNTVO+� � 0MSW � T�� 
 �?E����
Z ^aj[hGo�^¤^��Ceg}�j[^

Φ
�gf2iN�

�8�]jL^��
a
s9b ^�}�hv}�i

ε > 0
s9�Cs~u[k¥d[ego�}��]��^ d\`CegjL�'k!hv^

a ∈ R ^2`Cegj[�'h|�¢ocf2k+��Z hv^�bNs9� ^��Ceg}�j
E ⊂ R

^ahv^�d � ^�o�`���^
k eg��f2s5�gd]hG�2d]oc� k�d\e `CegjL� ��egiN��hGk¢s�hv�C^�s d]}�hvhG��^�}�hv}�iN^�� Z

a � f¢^���ezbyb E ^��Ceg}�jL^�s9b�d]� k�^a`CegjL�!d\eg� wcs s�hv�Cf
(a− ε, a+ ε)Z �Ìd\e `CegjL�[s�hv�Cd k+s�b�ocd\egh ^����]j

ε
d]}�hv}�i

Z
E
s9b d\egoc}C�]��^ d\`CegjL�

`
hG��k

an → `
uLk e�� �Ìhvw�egi ocw�iNf2s�hGs;egk¥�]ocw�uLhvoc}�hvk!^¦s9�Cs �

an 6= a
e
E = {an}∞n=1

u[k � s9bNfas
Z d[ego�}��]��^ d\`�egj[�!k!hv^

a � f�^a��ezbyb¥hGj[s���s;eg}�� s9��u[�]�g}�egf���e�Z
E
s9b�d\egoc}C�]��^�d\`�egj[�!k!hv^

a � f¢^���ezbLb�hGj[s���s;eg}��]s9��u[�]�g}�egf���e
Z
E
s9b-d[ego�}��]��^�d\`CegjL�

a⇔ E
s9b

a
f�d\eg��ezbpd\e `CegjL� �cegiN��hvkt^as�h|�Cf

a
s9bp^�}�hv}�i

ε
s9� � �z�~egf�� � ^�oc�8^

Z
E
s9b-d[ego�}��]��^�^ d\e `CegjL�\d\�Ceg}�j¥d]k

E′ }~�gf2iN�
� d[egk+f2��e `

E′ = {0} �E =
{

1
n

}∞
n=1

Z n
E′ = Φ

�
E = {1, 2, 3, 4} Z q

Z
E ⊂ E′ �E′ = [0, 1]

�
E = (0, 1)

Z Y
Z
E′ = {−1, 1} �E =

{

1
m + (−1)n

}∞
n=1

Z r
E′ =

{

1
n , 0
}∞
n=1

�
E =

{

1
n + 1

m |n,m = 1, 2, 3, . . .
} Z �

Z
E(III) = {0}, E(IV ) = Φ

Z
E′′ =

{

1
k , 0
}∞
k=1

Z
E′′ = (E′)′

�
E =

{

1
n ,

1
n + 1

m , 0
}∞
n,m=1

�
E =

{

1
n + 1

m + 1
l

}∞
n,m,l=1

Z �
Z
E
^��Ceg}�j[^¤s9b (|d\o������ (v^¢d\k+ocjL�

E′ ^��Ceg}�jL^

E(k) =
(

Ek−1
)′ �ch�`�h!s��

E
s9b

k
^�d]oc�G�C��^�d]k�o�h�`���^�s��gd]hG� � ^�hv��jye `���hvk!}

Z
(a− ε0, a+ ε0) ∩ E = {a} b ��� ε0 > 0

uLhvhGj�uLk
E
s9bpd\`C`Ceg}�^2`Cegj[�[k!o�jLd

a
^a`CegjL���

E
�gd]��^�}

Z
3
d\k�jLo�s�hv�Cf (

3− 1
2 , 3 + 1

2

)

∩E �8�]jL^¤Z {1, 2, 3, . . .} �g^¤d\e `C`�eg}�fa^¦d\e `CegjL��^�hG��k �E = {1, 2, 3, . . .} � s�byf2s
E′′ ⊆ E′ � �]w�bNf

Z �
a ∈ E′ � k (|� �2ZE s�b-d\egoc}C�]��^�d\`�egj[�[u[�Lk!hv^ �

a ∈ E′′ � ocf2egs9� � a hv��k E′ s9b�egoc}C�]��^�d\`�egj[�[k+hG^
a
u[k+b-s�(|� � ^�����eg^

Z
a � f�^���ezbyb E

s9b�^a`CegjL� ��kt^�s�hv�Cf k!s�egd\}�hv}�iyb �;� �
ε0 > 0

bNh!hv��k¦Z � ez�C�[k+s�^���b���hG���
Z
b
^���faiN��e � eg���~d]� k�oc� }��\Z

a � f d\eg��ezbyb E′ s9b�d\e `CegjL� �cegiN��hvk¦s;h|�Cf
(a− ε0, a+ ε0)

��e egoc^ � �]o�wc}
Z
(a− ε0, a+ ε0)

��e egoc}�uL�]bNh+�]o�wc}�e �
E
s9b�d\e `CegjL� ��egiN��hGk bNh+^a��^¤��e egocs;e

(b− ε1, b+ ε1) ⊂ (a− ε0, a+ ε0)
��e ego�bNh � hv��k

E′ = Φ
Z ^��Ceg}�j � E = {a}

Z
an = a, n = 1, 2, 3, . . .

uLhv��faiNf
a �
oc}�hvk¦s9��^�}�b§^�o�`�ip�gfaiNs�uLhv�Cego¨uLk

Z
E′ = {a} �E = {an|an = a, n = 1, 2, 3, . . .}

Z
M ∈ E′ hG��k M /∈ E u[k¦Z

M = supE
�gfaiN�\Z s�hG�8s;f ^�f2egiN�

E
hG^�d�Z �]w�byf

E
s9b�d\e `CegjL� �cegiN��hGk

(M − 1
n ,M)

��e egoc}��z�Cs;e � s�hv��s�f�u[iN� k+s�^��[Z
M − 1

n (n = 1, 2, 3, . . .)
}~s9�Cd]iN���

M /∈ E � � egd]�[Z ^�����eg^Z
M ∈ E′ �z�Cs;e �M � f d\eg��ezbyb E

s9b�d\e `CegjL� ��egiN��hGk¦^�s;h|�Cf
M

s�b
ε
d]}�hv}�i§s9���z�Cs
�

M � f�d\eg��ezbyb
nPl



����� � � ��� � � �)� �  � ��� � ���

Z
E′ ⊆ E uLk � ��� �  k!ocj[d

E
^��Ceg}�j � ^�o�`���^

Z
E � }�s9��egf E′′ = (E′)′

h|��^�o�eg��i
E′

^a�Ceg}�j§k!hG^ ^���egd]w~^��Ceg}�j-s9b�uLhvs�byf2^ � �g}�egfa��e]Z
R \ E egk

Ec
d]��f2egiNf+e ���	� � � ^��Ceg}�j§d]k!ocj[�L^�o�eg��ip^��Ceg}�j§s9bpu[hGs9bNfa^

Z ^�o�eg��i
Z
E′ ⊆ (E ∪ E′)′ ⊆ E′ �E ⊆ E ∪ E′ h|� �E′ = (E ∪ E′)′

� �]ocwc}�e �
(A ∪ E′)′ ⊆ E′ � bpu[hGhvjLd]f

A ⊆ E s��Cs;e �
E
s9�Cs � �]w�bNf

Z
A∪E′ s9b�d\e `CegjL� �cegiN��hGk �;hv�Cf

x
s�b ^a}�hv}�i

ε > 0
s9��hv��ktZ

A∪E′ s9b¥d\egoc}C�]��^�d[`Cegj[�
x
hv��k �

x ∈ (A ∪E′)
′ ��jL��� ^�����eg^

Z
x ∈ E′ �z�Cs;e �E s9bpuL�[hG��k �

A
s9b�d\e `CegjL����egiN��hvkts�hv�Cf ^�}�hG}�i

ε
s9�~u[k¦Z k

d[eg��ezbyb
E′ s�b�d\e `CegjL� ∞ ^as�h|�Cf eg�y^�}�hG}�iphv��k�Z

A
d[e `Cegj[�Ns�b�hvw�egi � iNf¦jLo�s�hv�Cf

x
s9b

ε0
d]}�hG}�iyb*��� �

ε0 > 0
uLhvhvj Z }

Z
A ∈ (x− ε0, x+ ε0)

s�b-^a`CegjL� ��k¦�ghGk2b�� hv��^�s$s9��eg�[Z
x � f

Z
x ∈ E′′ ⊂ E′ �z�Cs8e��E′ s�b-d\e `CegjL� ∞ s�h|�Cf

(x − ε0, x+ ε0)
hv��k �

ε > 0
hG^�h

Z ^�o�eg��ip^��Ceg}�j�k!hv^
E
s9b-uLhvhGj[s;��^¤d\egs;eg}���^ d]�Ceg}�j�hv��k �

E = {an}∞1
^�o�`�i

E
u[k � ^���j[iNf

Z
A′ ⊆ E′′ ⊂ E′ �z�Cs;e A ⊆ E′ ZA′ ⊂ A � h|��eg^�s �8hvoc��Z

E
s9b�u[hGhvjLs�� ^¢d[egs;eg}���^ d\�Ceg}�j�d]k

A � }��gfaiN��� ^�����eg^
Z
A′ ⊆ A s�(|�

^�o�eg��i�^��Ceg}�j�k!hG^¤d[egoceg��i-d\eg�Ceg} s9b�eg^�bNs9� ��egd]hv� � �gk+�CftZ ^���egd]w�^��Ceg}�j�k!hv^�d\eg��egd]w~d\eg�Ceg}�j¥s9bpeg^�bNs9��`Ceg� hvk Z n
Z
E
}~d]s9��egfab

x
s9b�^�}�hG}�i�bNh

x ∈ E s��Cs�u[ktjLo�eauLkt^���egd]w�^��Ceg}�j�k+hG^
E

Z q
�gk+�Cf+e\Z o�eg��ip� o8�C^a}�k!s�k eg^ d\ego�eg��i d\eg�Ceg}�j-s9b hvw�egi �ghvk_`Ceg� hvk e � oceg��i�k eg^td[egoceg��i�d[eg�Ceg}�j�s9b�hGw�egi � iNf s9b�`Ceg� k Z Y

Z ��egd]w���o��C^�}�k!s�k eg^ d\eg��egd]w�d\eg�Ceg}�j¥s�b�hGwcegiN��hGkts;egd]� �
B�@84�� � 6�@ � �

Z ^�hG��j[��egwc^�� e ez� k!ocj[d b�^��Ceg}�j§s�k �
f
s�b-^�o�`���^�uyeg� d_k!ocjLd b � ^��Ceg}�j¥s9b-^aj[d]��^ eg�\d]hvbNfaf

f(x)
^�hv��jL��egw

W0T£H  � 
{T£Q �+J W0T�
{T��]W D�E��
� d\eghv��jL��egw��ghG}�� eg}�by�¢d\egs;eg��w •

(f + g)(x) = f(x) + g(x) –

f · g(x) = f(x) · g(x) –

f/g(x) = f(x)
g(x) –

(fg) (x) = f(x)g(x), ∀f(x) > 0 –

Z
f(x1) = f(x2)⇔ x1 = x2

� ocf2egs9��Z d]� k�uL��w¨jLo�s�}�jLd]f
y
�8oc�8^ uLktd]hv�Co���`�� � `��¤k+ocjLd y = f(x)

^�hv��jL��egw •
Z ��(|� �¤k+hG^¢^ahv��jL��egwc^���k {x|x ≥ 0} k eg^¤^aoc`C��^�^ � ez�Cd u[k_Z

R
k eg^�^�o�`���^�^�uyeg� d�u[ktd\h|�Coc�¨`�h `��¢k+s

y = x2
–Z

x = f−1(y)
� egocd]wc^ d]k_�gfaiN�\Z ^ak!e ezbNf2^�f�`�hG� h

x
k eg��f2s;e+ocegd\w�s��gd\hv�]��k

y = f(x)
uLk

–��e ez�\e
f
s9b ��e ez�]^¦k eg^t^aoc`C��^�^¦uyeg� d'�

f
s�bpd\h|�Cwc^�^¦^ahv��jL��egwc^ d]k!ocjL�

f−1 Z y = f(x) ⇔ x = f−1(y)
ochG`����

–Z
f
s9b�^aoc`C��^�^�uLeg� d k eg^

f−1

Z
x1 > x2 → f (x1) ≥ f (x2)

uLk (v^�s;eg��(\egk (|^�s8eg�¨d]hG��ez�\eg��egf (!d]k!ocj[�
y = f(x)

^�hv��jL��egw •
Z (|^as;eg��k!s)( ^�hv��jL��egw�u[�Ld]k!ocj[�LZ

f(x1) ≤ f(x2)
^�hG^�h

x1 > x2
o�bNk2��uLk (vd\`�o�egh (]k+ocjLd

y = f(x)
^�hv��jL��egw •

nVn
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Z
z = g (y) = g (f(x))

��k�Z
f
s9b-��e ez�]^ k eg^

g
s9b-^�o�`���^�^ uLeg� d o�bNk2�

z = g(y)
e
y = f(x)

d\eg��egd]�L^���hvhv^ad
Z
f
e
g
s9b-^a}C�Coc^�^�^�hv^ad

z(x)
Z
g ◦ f }~d]��f2egiNf ^a}C�Coc^�^

W0T£HPO ��
VK]� U W0T£H  � 
VT£Q D�EvD
�Ìu[hGf2eg��hvs;egw�hv��b§s9b�^���f

�
��d]hvs���eghG��o¨^�hG��j[��egw � uyeg��hvs;egw •

Z u[d]hGoc��egs�^�^�hv��jL��egw � �
ax
��^aj[����d]hG��j[��egw •

Z d\ez��egwc^�^ae]d\eghvo��]f2eg��eg��hGo���d\eghG��j[��egw •
���	� � � � �����	� � �)�����  �! ���

Z
loga y = x

k!hv^�b�d]h|�Cwc^�^�hv��jL��egw�^�s$bNhGe
x ≥ 0

o�eg}���bNf2f d]hv��ez�\eg��egf
y = ax

�
1 6= a > 0

hG^�h

y = bx

x = logb y

loga y = x loga b

loga y = logb y · loga b

logb y =
loga y

loga b

� �z�~egf���Z ^�jL��� ^�d]hG��j[��egw¨d[eg��ez�Cd\f2e+^�o�`���^�^aftd\egoch|bNh � h|��eg^�s��gd]hG�

loga(m, p) = logam+ loga p

loga(m/p) = logam− logap
alog

a
(m/p) =

m

p

alog
a
m−log

a
p =

m

p

�	����� � 
������ � ��� � �	����� �������  �! �! 

i0egh�`�ocs�d]h�e eg��^ s8egf�b d bNj[^ �8o�egk_�ghG}�iN� hv^�k eg^ts�����f s9b d]hv���Cocfa^�d]h�e eg��^ts;`Ceg�AZ d]hGe eg�yd]����hGhvf2^ �8o�egk�s�bp^2`�hvf k!hv^t�gk!h�`�o
Z s�����fa^

Z
180o

s5^ae ezbpuLhv��k!hG`�o
π

ochG��u[�
θ
d]hGe eg� oc�CeghG^¢i0egh�`�oc}�eg���Cocf�u[��d]oc}�eg� fab§s�����fa^¤s���^a`CegjL�]o�eg}�� � u[hGochv��^ d\h|bNk!o�}~eg���Cocf2e � n'egi0eghG`Co8b-s�����f¤o�eg}��8}

Z ^�s�b
x � ^to�eg��h|b cos θ � e2^a`CegjL��^¤s�b y � ^�oceg��h|b sin θ

� hG}�eghG��^
x � ^

�
y = sin θ

^�hG��j[��egwc^�o�eg}�� •
Z−1 ≤ y ≤ 1

�
θ = arcsiny

��k e�� ��(|� ��e2bNfaf ^�s;eg��^�hv��jL��egwc^ �−π
2 ≤ θ ≤ π

2

uyeg� d]}
–

Z
θ = arccosy

k!hv^¤^���egwc^�^ ^�hG��j[��egwc^ae
[−1, 1]

��e ez�]^
[0, π] � }�bNfaf d[`�o�egh d]hv��ez�\eg��egf y = cos θ

^ahv��jL��egwc^ •
Z−∞ < y <∞ �

θ = arctan y
� (−π2 , π2 ) }~^�s;eg� y = tan θ = sin θ

cos θ •

n?q
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}�egd �C��e
x0
� s���k!ezb x

o�bNk+�
`
ocwciNfastd\w�k ezb

f(x)
h|� ocfak!��Z �

x0
}�k!s hvs8egk �

x0
s9b ^�}�hG}�iN} d]o�`���egf

y = f(x)
hG^�d

^ahv^�h
0 < |x− x0| < δ

s9�Cs~ego�eg}��8b �
0 < δ = δ(ε)

u[hGhvj
ε > 0

s9�Cs � uLhvhGj[d\f¦uLk �
f(x) −−−−→

x→x0

`
egk �

limx→x0 f(x) = `Z |f(x)− `| < ε� ^���hGhv^¤hvwcs � ^as;egj\b�^�o�`���^
Z
` = limx→∞ f(xn)

^�hG^�h
xn → x0

^�o�`�i s9�Cs uLk
limx→x0 f(x) = `

ocfak!� � �
x0
� s hGs;egk �]ocw� x0

d]}�hG}�iN}�d]o�`���egf
f(x)

hG^�d

0 < |xn − 0| < δ � b ��� N u[hGhvj ��ktZ h|b0egj�d]o�`���^�}�egfa�
ε, δ

eghG^�h+Z
f(xn)→ `

s�(|�¨Z
xn →6= x0

hv^�d � ^a��hGhv^ ⇐ hvbNegj & " � >x@ "
Z |`− f(xn)| < ε

��k e��
N < n

s9�Cs
uLhvhGj��

δ = 1
n (n = 1, 2, 3 . . .)

��jLhv�xu[k§�]ocw�} �
δ
s9�Cs�ego�eg}��8b

ε0 > 0
u[hGhvj ��k � u[hGhvjLd]f k+s�hvb0egj\b � hv���
� hvb0egj ⇐ ^a��hGhv^

Z
ε0 < |`− f(xn)| e � |xn − x0| < 1

n

�
xn 6= x0Z ^�ochvd]ipeg��e�� �Ì^���hvhG^¢hGwcs �

f(xn)→ `
��k �

xn →6= x0
�z�Cs;e

Z `Chv� h k eg^¤^2`Cegj[��}~^�hG��j[��egw¨s�b-s;eg}��  �! *" 68: #

Z �Ìd\ego�`�iN} ��e `�hG^¤�]w8bNf2^¤s;s���} �a`�hv� h!k eg^ ^�o�`�i-s�b-s;eg}��[hv� & " � >x@ "
� eg����eg��o��¤s;e `C�

M
s9�Cs~u[k �

limx→x0 f(x) = +∞ � bSocfak!�¨Z �
x0
� s�hGs;egk��]ocw�

x0
d\}�hv}�iN}¢d\oc`C��egf

f(x)
hG^�d  �!3*",+.-0/1"

Z
f(x) > M

^�hG^�h �
0 < |x− x0| < δ

s9�Cs9b ���
δ(M) > 0

uLhvhGj
Z
f(xn)→ +∞ ^�hG^�d

xn → x0
s9�Cs � ^���hvhv^�hGw�s

}�egd �C��e
`
o�wciNf2s¤^2e ezb

x0
� } �ghvf2hvf�s;eg}���^�h|��o�f2k!�¥Z �

x > x0
�
x0

s9bd]hG��f2hx^a}�hv}�iN}�d\oc`C��egf
f(x)

^�hG^�d  ����",+.-0/1"
^ahv^�h

0 < x − x0 < δ
u[hGhvjLf�b

x
s9�Cs ego�eg}��8b

δ
u[hGhvj

ε > 0
s��Cs¤uLk �

` = limx→x+
0
f(x)

egk �
limx→x0+0 f(x) = `Z

ε > |f(x)− `|
uL^ae

x0
� } uLhvhG`�`�� � `�� ^¦d[egs;eg}���^�u[hGfahGhvj[b�k eg^

x0
^2`Cegj[��}¢s;eg}��0^ahv^�h

f(x)
^�hv��jL��egwcs9b�j[hGwciNf2e!hv� o��C^thGk+��d  ��� #��� �

Z �
f(x0 ± 0)

� o�eg��hvj�u[bys �
limx→x+

0
f(x) = limx→x−

0
f(x)

� ocf2egs��~Z uLhGe ezb
Z
`
^�hG^�d��ghvf2hvf2eas�k!f�bNf ^�wchvk+b �

f(x)→ `
��hG��� & " � >A@ "

ego�eg}��;b
0 < δ(ε)

ocw�iNfpuLhvhGj
ε > 0

s9�Cs Z
f(x) → `

� � h|��eg^as �8hvoc� Z
` = f(x0 + 0) = f(x0 − 0)

� hv��� � hv��bN^ � e egh|�C}
hG^�h

0 < x0 − x < δ′
s9�Cs�ego�eg}��8b

δ′(ε) > 0
u[hGhvj

ε > 0
s9�Cs�� ^�f+e ` �gwcegk!}�e�� |f(x− `| < ε

^�hG^�h
0 < x − x0 < δ

s9�Cs
Z |f(x)− `| < ε

Z |f(x) − `| < ε
^�hv^�h

0 < |x− x0| < δ′′
s��Cs$��k e �

δ′′ = min(δ, δ′)
oc��}��

0 <
u[k+b �;�

δ > 0
bNhx��k Z

f(x) < M
^�}�b

x0
s�b^�}�hG}�i bNhA��k��

M > `
uLk!e

` = limx→x0 f(x)
uLk  ��� #��� �

Z
f(x) < M

hv��k �
M − ` > f(x)− ` > `−M ^�hv^�h |x− x0| < δ

� � eg����u[hv�]w�byf�bNh
Z Z
m 6= 0

b�hvk!��d]} f(x)
g(m) → `

m

�
f(x)g(x) = `m

�
f(x) + g(x)→ `+m

hv��k
g(x)→ m

u[��e
f(x)→ `(x→ x0)

uLk
Z uLhviNf�^���hvhG^¤�z�Cs;e � d\ego�`�iNs�uLhv��d\ez�C�]uLh|�]w�bNfa^ � ^�����eg^

Z
g → `

��k
h, f → `

uLk!e
x0

s9b-^a}�egjL�]^�}�hG}�iN}
f < g < h

� �8hGe e `���iN^¤�]w�bNf

nPY
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^as u[hGhvjt�z�Cs;e ^af2egiN�~^�o�`�i {f(xn)} hG��k � xn 6=−−−−→
n→∞

x0
h|��� hv����e

x0 ∈ I � e I �;�]jL}�^�f+egiN� e�d]o�`���egf f(x)
hG^�d  �� ��"'+.-0/1"

� egd\��d\^¦s;eg}���^ �
` = limn→∞f(xn)

h�`�h s��~egs�s�^td[egs;eg}���^¦d]k��gfaiN�0Z
E = {xn} s�bp^ao�hG� }�}�hGegs;d b�� egd]� d§s;eg}���e!� eghvs���s;eg}��

Z � eghGs���s;eg}���s�u[�Lhv��egs;��k_� egwck+}�e
` = infE `

^�o�`���^a^¤hGwcs$k eg^
^aoc`Ci-bNh�e

` ≥ limf(xn)
^�hv^ah

xn −→
6=
x0

d]iN���Cd]f ^�o�`�ips9�Cs�ego�eg}��;bpocw�iNf k eg^
` = limx→x0

f(x)
� ^�s8egj\b  ���*",+.-0/1"

Z
f(xn)→ ` � b ��� xn → x0

�	�������� ��� ���.� � � ��� � ���  �!3 �! 

x1, x2
s��Cs ego�eg}��8b

δ(ε) > 0
o�wciNf¥uLhvhGj

ε > 0
s��Cs9b k!eg^

x0
� }ts8eg}�� ^�hG^�h f(x)

^�hv��jL��egwcs9b��;�Cs�jLhvwciNf2e[hv� o��C^¥hGk+��d
Z |f(x1)− f(x2)| < ε

bNo�wc^�^ ^ahv^�h��
i = 1, 2

�
0 < |xi − x0| < δ

d\egf2hvhvjLf�b
Z |f(x)−`| < ε/2

^�hG^�h
0 < |x−x0| < δ

s9�Cs ego�eg}��8b
δ
uLhvhvj

ε > 0
s��CsAhG��k

` = limx→x0 f(x)
s;eg}���^�u[hGhvj[btu[hG��� & " � >x@ "

Z |f(x1)−f(x2)| < ε/2+ε/2 = ε
� bys8ezbyf2^�� eghGe ezb_hvk!f2e � |f(xi)−`| < ε/2

^�hv^�h �
0 < |xi−x0| < δ

d\egfahGhvjLf�b
x1,x2

s9�Cs(��k!e
Z hv� o��C^¤hGk!��d\^�b-� h|��egf ^a��e

Z �Ìd\ego�`�ips���uLhv�c`Cegh]eg��� ��k+b-�]w8bNf2}~byfabN� ��� j[hGwciNf¤hGk!��d
|xm − x0| < δ/2

uL��e � |xn − x0| < ε/2
^ahv^�h

m,n > N
s9�Cs�ego�eg}��8b

N
uLhvhGj

δ > 0
�gd]��^�} � � egd]�

ε > 0
hv^ahGe

xn → x0
hv^�d

f(xn)
�z�Cs8e�� d\egiN���Cd]^�s�h|b0egj � eghvo��]ocj d]k-d\fahvhGj[f

f(xn)
^�o�`�iN^ Z

f(xn) − f(xm) < ε
� �z�Cs;e�ZNZ |xn − xm| < δ

��k e%�
Z s;eg}���s�d]iN���Cd]f

W0T{R 
��]WxM]� HIJ�T � �©T£H©O �'H©O � D�E	�
s��Cs9b§k eg^

` = limx→x0 f(x)
uLhvhvj[b ���Cs5j[hGw�iNf+e hv� o��C^ hGk+��d �

x0
� s hGs;egk¤�]o�w� x0

d]}�hviN}¨d\oc`C��egf
f(x)

hv^�d  ��� #��� �

Z |f(x)− f(x′)| < ε
^�hv^ah |x0 − x′| < δ

u[��e |x− x0| < δ
d\fahvhGj[f2^

x, x′ 6= x0
s9�Cs�ego�eg}��8b

0 < δ(ε)
u[hGhvj

ε > 0

|f(x0)− f(x′)| < hG��k�s�(|���
x, x′

s9�CsA�z�Cs
ε > |f(x)− `| ^�hG^�h 0 < |x− x0| < δ

uLk+b �;�
δ
u[hGhvj¤��k��

`
u[hGhvj[b�� hG��� & " � >x@ "

Z |f(x)− f(x′)| < 2ε
�gk2�Cf+e

ε

�
δ = 1

n (n = 1, 2, . . .)
�]ocwc}��

δ > 0
s9�Cs$ego�eg}��;b �

ε0 > 0
uLhvhGj���k¦Z

x0
� }¨s;eg}��[�ghGk f(x)

e�uLhvhvjLd]f¢hvk!��d]^�b¥� hv��� � ��egwc^�^¤� e eghv�C}�e
Z |f(xn)− `| > ε0

b ��� |xn − x0| < 1
n

�
xn

d\e `�egj[�[d\egfahGhvj
�
f(xn) 9 `

e
xn → x0d\iN�G�Cd\f

f(xn)
hG��k � |f(xm)− f(xn)| < 2ε

hG��k |xm − x0| < δ
u[��e |xn − x0| < δ

�z�Cs �
m,n > N

s9�Cs9b �;�
N
u[hGhvj-��k

% ^�ochGd]i�Z s8eg}���s
^ahv^�h

M < x, x′
s9�Cs�ego�eg}��8b

M
uLhvhvj

ε > 0
s9�Cs9b§k eg^

limx→∞ f(x)
s;eg}��\uLhvhGj\b ���Cs$jLhvwciNf2e�hG� o8�C^¢hvk!��d  ���� � #��� �

Z |f(x)− f(x′)| < ε

ωA(f) = supA f−
� s;�8f

f
d\`Ceg��d

infx∈A f(x) > −∞ � supx∈A f(x) <∞ u[hGhvj¤u[k
A
^��Ceg}�j[}�^�f+egiN�¨k!ocj[d

f(x)
^�hG��j[��egw
Z
infA f

Z
x0

d]}�hv}�iN}�^�f+egiN�
f(x)

hv��k
limx→x0 f(x)

uLhvhGj u[k  ���� � #��� �

Z
0 < |x− x0| < δ

s��Cs |f(x)− `| < ε
ego�eg}��8b

δ > 0
uLhvhGj

ε > 0
s9�Cs��z�Cs;e

f(x)→ `
��k

x→ x0
uLk & " � >x@ "
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u[k

x0
� }~^�wchv��o�k!ocj[d f

�
x0

d]}�hG}�iN}�d]o�`���egf
f(x)

hv^ad  ���  ,",+.-0/1"

f(x) = lim
x→x0

f(x)

���



lim
x→x

+(−)
0

f(x0)
uLk

x0
^a`�egj[��} �Ìs�k!f�bNf��a�ghvf2hvf�^�wchv��o¨k+ocjLd

f� k!f2��e `�s
y =

{

x2 x ≤ 1

x2 − 1
2 x > 1

Z �ghGfahGf¢k!s;e+s�k!f�bNf ^�wchG��o
Z �;�]jL}~^a`CegjL�]s9�C}�^�wchv��o�k!hv^¤u[k

[a, b]
�8�]j[}~^�wchG��o¨k!ocj[d

f
 ��� 3,",+.-0/1"

l � f¦^a��ezb�^ahv��jL��egwc^ ^����Cf2}�u[k � ez�C�y^��L^��y^���fthv}���s�s�}�k�� �8hG��o�k eg^�d\egwchv��o~d\eghv��jL��egw~s9b � ^a��f � s�w�� � uLez�Ci  ����� #���� �

Z
x0

^2`Cegj[��}
Z ^�wchv��o¨k!hG^¢d\egwchG��o¨d\eghG��j[��egw¨s�b�^�}��Coc^¤Z ^�o�`���^�^ uLeg� d]}�d[egw�hG��o��g^�d\eghGo8�]f2��eg��hvo���d[eghv��jL��egw�e2u[hGf2eg��hvs8egw
Z
g(yn)→ g(y0)

�z�Cs;e
yn → y0

hv��k¦Z
yn = f(xn)→ f(x0) = y0

^�hG^�h
xn → x0

^aoc`Ci-s9�Cs�hv� & " � >x@ "
� ��� � � �������	����� ��� � ����
  �������

Z
limx→x0 f(x)

u[hGhvj s�}�k
x0
� }~^�wchv��o�k!s f u[k¦^�j[hGs�i§d[egw�hG��o�hGktd\`CegjL�\k!ocjLd

x0
^a`CegjL� � ^�jLhvs�i d\egwchv��o�hvkZ n

Z
f(x0 − 0) 6= f(x0 + 0)

uLhv��ezb0e2u[hGfahvhGj � � ezbNk!o��ghGfaf�d\egwchv��o�hvkZ q
Z uLhvhGj_k!s�uLhvhG`�`���`�� ^�d\egs;eg}���^�ftocd\egh]egk_`�� k � hv��b-�ghGfaf�d\egwchv��o�hvkZ Y

�	��� � � ��� ��� � ��� � � �  �����! 

d[eghv^�s�u[�xd\eghv^as�uLhvs;ez�Ch �
f(a + 0)

u[hGhvjye
f(b − 0)

uLhvhvj-hv��k
(a, b) � } �Ìd[`�o�eghyegk§^�s;eg� � d]hv��ez�\eg��egf

f(x)
hv^ad  ���� � #��� �

�Ìu[hGhvw�egi§k!s
d\k_och�`������

x
s9�Cs

f(x) ≤ M � b �;� M o�wciNf�u[hGhvj�hv��k � s�hv��s�f¦^af2egiN�
f
uLk-Z �Ì}�� o�^��g}�egfa}���^�s8eg�

f
s9bNfas¨��hG��� & " � >A@ "

M0 − ε < f(x0) ≤ f(x) ≤ M
hG��k � |x− x0| < δ

� ocf2egs9�
x0 < x < b

uLk_��k e��
M0 − ε < M0

s9�Cs�hv��k��
M0 = supx f(x)��}�eg�\s8eg}���^�d]o�`���^af hv��k

M0 = lim
x→b−δ

f(x)

Z

hv��k � ^�s;eg�
f
uLk+b-uL�Leg������eg^  ��� �*" 6 � 
�

f(b− 0) = sup
a<x<b

f(x)

� ^af2e `��gw�egk!}�e
f(a+ 0) = inf

a<x<b
f(x)

Z
f(x) > n

^�hG^�h
xn < x

s9�Cs ��k e �
f(xn) > n � b �;� xn < b

^a`CegjL�2byh�hG�8}��
n
s9�Cs hG��k � s�hv��s�f¢^�f2egiN��k!s

f
uLk � s�(|��^~�]w�bNfa}

Z
limx→b− = ±∞ � o�f+egs9�

f(x + 0) ≥ f(x − 0)
u[hGhG`C`���`C��^¦d\egs;eg}���^¦uLhvfahGhvj'� �8�]j[}

x
^a`CegjL�ys9�C} ��k

(a, b)
�8�]j[}�d]hG��ez�\eg��egf

f
u[k  �������" 6 � 
�

Z �
infx<x′ f(x′) = f(x+ 0) ≥ f(x) � e � f(x− 0) = supx′<x f(x′) ≤ f(x)

��k�^�s;eg�
f
u[k � �]ocwc}�e �

Z
f(x) > 0

^�}�b
x0

s9b-^a}�hvi§bNh+hG��k �
x0
� }~^�wchv��o f � e f(x) > 0

hv^ad  ���� � #��� �

n �



f(x0) < f(x)
��k
ε = f(x0)

2

��jL�+u[k¤�]ocwc}�e �
f(x0)− ε ≤ f(x0) ≤ f(x0)+ ε

^�}Cb
δ
^�}�hG}�i_bNh

ε > 0
s9�Cs hG��k & " � >A@ "

Z
f(x) > g(x)

^�}Cb
x0

s9b-^�}�hv}�i¥bNh!hv��k
x0
� }~d\egwchv��o��g^�hvd]bNe g(x0) < f(x0)

u[k  ��� ��" 6 � 
�
Z
x0

s9b-^a}�hv}�iN}�d\hv}�eghG�
h(x)

hG��k¦Z
h(x0) > 0

e2^�wchv��o � h(x) = f(x)− g(x) � j[� & " � >A@ "
Z
f(c) = 0

^�}Cb
a < c < b

^a`�egj[�[d]fahGhvj�hv��k¦Z
f(a) · f(b) < 0

� hv����e
[a, b]

�8�]jL}�^�wchG��o
f(x)

hv^�d  �! � #��� �

�;��e �	�.eg��ocfa� �
0 =

uLk��
f(a1) · f(b1) < 0

u\byb
[a1, b1]

uLhvk!��� ^�`�� k�d]k�oc� }���e�� uLhvhv��bNs
[a, b]

�;�]jL^¦d]k�^a����� & " � >x@ "
Z
[an, bn](n = 1, 2, 3, ...)

� u[hG�;�]j d]o�`�ips�}�j[��e�uLhvhG�GbNs$�;�]j�s���jLs�� ��e�� �8h|bNfa�
� % eg��o�f2�

0 =
u[k��

f(an) · f(bn) < 0
�zn

bn − an = b−a
2n

� q
Z
an, bn → c

�
c ∈ [an, bn] ∀n ^�}Cb a < c < b

uLfahGhvj�� ocez�]��j�s9b�^�fas;^ hvwcs
�
[an+1, bn+1] ⊂ [an, bn]

�ÌY
Z
f(x) = 0

�z�Cs;e
f2(x) ≤ 0

�
0 > f(an)f(bn)→ f(x)2

Z
f(x0) = x

�
x0

d\}Cb-d[`Cegj[�]byh hG��k¦egfa����s;���;�]jL^�d]k¦^aj[hGd]�8f+e
[0, 1]

�;�]jL}~^�wchv��o
y = f(x)

hv^�d  �! )� #��� �

& " � >x@ "
h(x) = f(x)− x
h(0) = f(0)− 0 ≥ 0

h(1) = f(1)− 1 ≤ 0

Z
f(c) = g(c)

^�}�b-�8�]j[}
c
bNh+��k

[a, b]
�8�]j[}~d\egwchG��o

g � e f � e f(b) ≤ g(b) � e g(a) ≤ f(a)
u[k  ���  *" 6 � 
�

Z
h(x) = f(x)− g(x) & "

� >A@ "
Z
f(c) = γ

^�}�b
c ∈ [a, b]

bNh
m ≤ γ ≤M s9�Cs hG��k

[m,M ]
�8�]j�s;h|�Cf

f
� e ez�_u[k e �

[a, b]
�;�]jL}¨^�wchG��o

f
uLk  �! 3*" 6 ��
�

^a}Cb
x1

^a`CegjL��e
m = f(x1)

^�}Cb
x1

^a`CegjL�xbyhyhG��k Z ��e ez�]} u[hGk!��fa�
m,M � e[^�wchv��o h hv��k �

h(x) = f(x) − γ & " � >A@ "
Z
M = f(x2)

h(x1) = f(x1)− γ = m− γ ≤ 0

h(x2) = f(x2)− γ = M − γ ≥ 0

Z
f(x) = γ

�z�Cs
h(c) = 0

^a}Cb
x1 ≤ C ≤ x2

bNh!hv��k

Z s;}�jLd]f
M � e m �ghG}

γ
�8oc��s9�~hv��k

M = f(x2)
e
m = f(x1)

uLk e
[a, b] � }~^�wchv��o f uLk  ��� ��" 6 � 
�

Z �;�]j�k eg^
f
��e ez� u[k¦j[o�e2u[kt�8�]jL}�^aw�hG��o

f(x)
hv��k¦Z

[a, b]
�8�]j[}~d]hG��ez�\eg��egf

f(x)
hv^�d  �! � #��� �

o�eg��i �;�]j k eg^
f
��e ez� hv��k�� o�eg��i

x = [a, b]
uLk�� �]ocwc} Z

y
�;�]j k eg^

f
��e ez� hG��k

x
�8�]j[}�^�wchv��o

f
uLk  �! �*" 6 ��
�

Z
M = supx f(x)

�
m = infx f(x)

o�bNk2� �
y = [m,M ]

k eg^
f
��e ez� ⇔ ^�wchv��o

f
hG��k d]hv��ez�\eg��egf2e �Ìhvw�egiN��hvktegkthGwcegi � oceg��i¥hv����egkt��egd]w�� oceg��i�� �;�]jL}�d\oc`C��egf

f(x)
hv^ad  ��� � #��� �

Z �8�]j

n �



^���jLiNfa^ eg� ⇐ & " � >x@ "
� hG��� � d]hv��ez�\eg��egf

f � e]ocd\eghG^ Z �8�]j[s�d]hvf2hv��w�^a`CegjL�
x0

s9bNfas~� hv���,�
x0

^2`Cegj[��}¤^�wchv��o�k!s
f
� hv����e � �8�]jpk eg^

f
��e ez����hG��� ⇒^aw�hG��o�k!s

f � e�d\eghG^ � limx↑x0 f(x) = f(x− 0)
s;k+fabNf¤s8eg}��Lu[hGhvjye �

limx↓x0 f(x) = f(x0 + 0)
�ghGfahvf¤s;eg}��\uLhvhvj�� ^�s;eg��s�byf2s

Z
f(x0) > f(x0 − 0)

s9bNfas�� hG���]Z ^as�k�uLh|�Coc��hG�Gbp�ghv}�k!��fa�
f(x0)

Z
f(x0 − 0) < f(x0 + 0)

^ahv^�h �
x0
� }

s8ez�Ch+k!s;e��
f(x0)

d\eghv^�s$s�}�j[d]^as5s;ez�Ch+k!s;e �
x0
� s��ghvf2hvf¢s�}�jLd]^�s5s;ez�Ch!k+s γ �;oc��^�Z f(x0 − 0) < γ < f(x0)

ocwciNf��z�¨u[k � jL�
^ao�hGd]i§eg��e � (

f(x0− 0), f(x0)
) ��e egoc^¤d]k s�h|�Cf¤k!s ^�hG��j[��egwc^ ��e ez���z�Cs;e �

f(x) ≤ f(x0− 0)
u[b�h|� �

x0
� s5s�k!f�bNf¤s�}�jLd]^�s
Z �8�]j�k!eg^

f
� e ez��hv�

k!s
f
��e ez� b ^�k!o�f ^�f+e `�� eghG`¢��k �

f(x) < f(a + 0)
hv��k � hvs;k+fabN^��8�]j[^_^���jL}¢^aw�hG��o�k!s

f
� o�f+egs9� �

x0 = a � bS^�ocjLfa}
Z (
f(a), f(a+ 0)

) d]k¦s;h|�Cf

^���egw�^a^¢^�hG��j[��egwc^ d\fahvhGj�hG��k �
f(x)

� e ez�
y
hG^�hGe �

X
�;�]jL}¨^�wchG��o�u[��e � �8�]j[}¨bNfaf¤d]hv��ez�\eg��egf

f
uLk � ^���j[iNf  ��� �*" 6 � 
�

Z
X
s��

y
d]k�^�jLhvd]��f2e � d]hv��ez�\eg��egf2e+^�wchv��o�k+hG^ae �

x = f−1(y)

Z ^�wchv��o
f−1 s)(v��^¤�]w�bNfa^�hvwcs;e2�8�]j X � e�d[eghv^ae �X s;�

y
d]k¦^aj[hGd]�8f+e�� d]hG��ez�\eg��egf

f−1(y) � b-o�egoc} & " � >x@ "
Z−1 ≤ y ≤ 1

�
x = arcsin y

^�hG��j[��egwc^ � ^as;eg��e+^�wchG��oce2d]f2hvhvj¥�z�Cs8e�� ^�wchv��o�eabNfaf ^�s;eg��� −π
2 ≤ x ≤ π

2

�
y = sinx

� d\egk!f2��e `
Z d\oc`C��egftk!hv^�b�hvk!��d]} �

arccosx, . . .
�c^���egwc^ d]hGo��]f2eg��eg��hvo��_^�hv��jL��egw¨s9� � ^�f2e `~�gw�egk!}�e

y = ax, 0 < a 6= 1, 0 ≤ x ≤ ∞⇒

Z d]hG��ez�\eg��egf+e2^aw�hG��o¨k!hv^2e
x = loga y

� ^���egwc^�^ ^�hG��j[��egwc^¤u[�Ld]fahGhvj¥�z�Cs;e

y = ex, x = ln y

M[T{T{J M �!HIKy� W0T£Q2H yO D�E��
�Ieg�Ns9�Cs9b �;�

0 < δ = δ(ε)
u[hGhvj

ε > 0
s9�Cs�uLk ^ae ezbS^a`Chvfa}¢^�wchv��o~k!ocj[d

f
Z
I
�8�]j[}¢d]o�`���egf

f(x)
hv^ad  �! ��'",+.-0/1"

Z |f(x1)− f(x2)| < ε
^�hv^�h � |x1 − x2| < δ

d\egf2hvhvjLf�b
x1, x2 ∈ I d[e `Cegj[�Z ^a`CegjL�\s��C}�^�s�hv��o�d\egwchv��o�d]ococeg�y^ae ezb ^a`Chvfa}~d\egwchG��o

hG��k � iNwck+s
x1, x2

d]k§uLhv}�ocj[fabL�§Z ^2e ezb ^a`Chvfa}�k!s��;k
(0, 1] � }¢^aw�hG��o 0 < x ≤ 1

�
y = 1

x

� � ez�C�0k!s �;wc^�^�b ^�fa�Ie ` •% ��egiN��hGk+s�s;`C� |f(x)− f(x2)|
% ^ae ezb ^a`�hvf2}~k+s�s�}�k

[0,∞) � }~^�wchG��o y = x2 •
Z ∣
∣x2

1 − x2
2

∣

∣ < ε
^ahv^�h |x1 − x2| < δ

s9�Cs9b��;� �
δ(ε)

uLhvhGj
ε
s9�Cs hv��ktZ

[0,∞)
s;� b (vfa}¨^aw�hG��o

y = x2 k (|� � �z��b�� hv���
–s�}�k

∣

∣x2
1 − x2

2

∣

∣ = |(x1 − x2)(x1 + x2)| < δ · (x1 + x2) = δ(ε)(x1 + x2) ≮ ε

�
δ > 0

s9�Cs�ego�eg}��8b
ε0 > 0

uLhvhvj uLk�j[o�e[u[k
X � } ^ae ezb ^a`�hGfa} ^�wchG��o¢k!s

X
�;�]jL} d]o�`���egf2^

y = f(x)
 ���3 ��",+ : "

Z
ε0 ≤ |f(x1)− f(x2)| � e�� |x1 − x2| < δ

uLhvfahGhvjLf�b
x1, x2

uLhvfahGhvj
Z �8�]j[}~^ae ezbp^a`�hGfa}~^�wchv��o

f(x)
��k �

[a, b]
�8�]j[}�^�wchv��o

f(x)
uLk  �!3)� #��� �

n �



s��Cs$��k
δ = 1

n (n = 1, 2, . . .)
o�� }��\Z d]f2`�egj¥^�oc�8^a^¤d\fahvhGj[d\f¢hG��k �

[a, b]
�8�]j[}~^ae ezb�^a`�hvf2}~^�wchv��o�k!s

f(x)
� hv��� & " � >A@ "

Z 1
n > |xn − x′n| � b �;� x′n � e xn u[hGfahvhGj n

Z
f(xnk

)→ f(x)
�
f
d\egwchv��ocf2e �

xnk
→ x

Z
a ≤ x ≤ b ^a`CegjL��s�d]iN���Cd]fab {xnk

}∞k=1
^�o�`�i-d\d�bNh

xn ∈ [a, b]
^�o�`�iNs

Z
x′nk
→ x

�z�Cs ∣
∣x′nk

− xnk

∣

∣ < 1
nk

→ 0
Z d]iN���Cd]ft^aoc`Ci-d]d uL�\bNh {

x′nk

}∞
k=1

^�o�`�iNs
% ^ao�hGd]ipeg��e �

ε0 ≤ 0
�z�Cs �

ε0 ≤
∣

∣f(x′nk
)− f(xnk

)
∣

∣→ |f(x)− x(f)| = 0
s;}�k�Z

f(x′nk
)→ f(x)

�
f
d\egwchG��o�f+e

u[k
A
d\k¦^�iy�Cf

Σ
h|��ocf2k+��� uLhv��egd]w�u[hG�;�]j�d\�Ceg}�j

Σ
hv^�d Z h|bNfaf2^ o�byhG^¢s;��u[hGocw�iNf�d]�Ceg}�j

A
hv^�d  �!3  �"'+.-0/1"

A ⊂
⋃

σ∈Σ

σ

Z
x ∈ σ egoceg}��;b σ ∈ Σ

u[hGhvj��
x ∈ A s9�Cs � ocf2egs9�

Z
Σ = {σn}∞n=1

�
σn = ( 1

n , 1− 1
n )n = 1, 2, 3 . . .

Z
A = (0, 1)

� k!fa��e `
(0, 1) ⊂

∞
⋃

n=1

σn

Z
σn

uLhv�8�]jL^ s9b�hvw�egi-ocwciNf h (v�
(0, 1)

s9b�hGegiNhv��uLhvhvj k!s�s�}�k

�8�]jL^¢d]k�^�iy�Cf�b�u[hG��egd]w¨uLhv�8�]j �8i0egktk eg^
Σ
uLk e��

A = [a, b]
o�eg��i-hvw�egi§�8�]j

A
u[k � s�o�ez} � ^���hvhG^¢s�b�^�f2s�^  �!3 3*" � �

Z
[a, b] ⊆ ⋃ni=1 σi

� b ��� σ1, σ2, . . . , σn ∈ Σ
uLhvfahGhvj ocf2egs9��Z hGwcegi-hGegiNhv� � d]d�k!�Ceg^�s��gd]hG�]��k

[a, b]

�ghGk u[hGk+��� ^thG��byf_`�� k!s�d\eg� wcs¨��k�� uLhGe ezb�uLhvk!����hv��bNs
[a, b]

d]k�^a����� Z hGwcegiShGegiNh|��d\d-�ghvk Z ^�h�eg��b ^�fas�bS� hv��� & " � >x@ "
In = [an, bn]

^aoc`Ci-s�}�j[�[Z �;hvbyf2��eauLhvhG�GbNs
[a1, b1]

� ^��]�8�]j�^���� �[Z hvw�egi�hGegiNhv�
In ⊂ In+1

|In| =
b− a
2n

Z
n = 1, 2, . . .

s9�Cs
c ∈ [an, bn]

d]f2hvhvj o�ez�]��j�s9bp^�fas�^af hv��k
�gd\hv�0k!s9b ���Cs~^�ochGd]i eg��e$Z

[an, bn] ⊂ σ � b ��� n uLhvhvj �
c ∈ [an, bn] � e[d\eghG^_��kZ uLhvh�egiNf

σ
h�`�h[s;��^�i0ez�Cf§�z�Cs;e

a ≤ c ≤ bZ
Σ � s9b-uLhv�8�]j�s9b�hvw�egi-ocwciNf�u[k

[an, bn]
d\egiy�Cs

Z u[hG� egd\w�uL��hvk+b§uLhv�8�]j�^�s�h|�Cf
Σ
u[��� ez�C�[� o8�C}�^�k+s$�]w�bNfa^  �!3 ��"'+ : "

[0, 1] ⊂ [−1, 0] ∪ [1, 2]
∞
⋃

n=2

(

1

n
, 1− 1

n

)

� ezbyk!oc^�iNk!o8� bNochGe2�]w�bNf  �!3 � #���� �

Z �8�]jL}�^af2egiN� k!hG^
[a, b]

hGwcegi0e2o�eg��i§�8�]jL}�^aw�hG��o¨k!hv^�b-^�hG��j[��egw  �!3 �*" � �
^2`�hvi k!hv^ {xn} Z f(xn) > n

^�}�b
xn ∈ [a, b]

^a`CegjL�'uLhvhvj hG�8}��
n
s9�Cs�hv��k Z s�hv��s�f-^�f2egiN�_^���hvk-k+hG^�b � hG���*& " � >x@ "

uL�N�z�Cs �
(nk <)f(xnk

)→ f(c)
^�hv^ah��

c � } f d\egwchv��ocf2e � c ∈ [a, b]
s;eg}���s�d]iN���Cd]fab {xnk

}∞k=1
^�o�`�i�d]d�^�s$bNh]�z�Cs;e2^�f2egiN�

Z ^�ochvd]ipeg��e
f(c) =∞ �z�Cs;e

f(xnk
)→∞

hG�GbN^¤iNk!o8� bNochGe2�]w�bNf  �!3 � #���� �

Z uLegf2hv��hvf2^aeauyegfahGiNj[f2^¢d\k¦�8�]j[}�d]s�}�j[f o�eg��i-�;�]jL}~^�wchv��o¨k!hG^�b-^�hG��j[��egw  ���3 �*" � �
nV�



� ocf2egs���� s�hv��s�f¤u[iN��eg��hvkt�z�Cs8e
M − 1

n < M
� hv��}C�

n
s9�Cs�Z

M = supx f(x)
�gfaiN� � �8ocs�f+e�s�hG�8s�f¤^�f+egiN��^�hv��jL��egw�^ & " � >x@ "

Z
(M ≥)f(xn) > M − 1

n
� b �;� xn ∈ [a, b]

^a`CegjL�]bNh
s�}�k �

f(xnk
)→ f(c)

�
c � } f d\egwchv��ocf � c ∈ [a, b]

^a`�egj[��s�d]iN���Cd]f {xnk
} ^�o�`�i�d]d_byh {xn} ^�o�`�iNs

M ≥ f(xnk
) > M − 1

n
→M

Z uLhvfahGiNj[f�k!ocj[�
M

Z
f(c) = M

� s;eg}���^¢d[e `�hv� hvf � �z�Cs8e
Z � ezbNk!o�^ iNk!o�bNochGea�]w8bNf2s$^a����eg^ s;}�jLs5o�bNwck�s�o�eg} � ^���hvhG^¢s9b�^�fas;^�f  �!3���"'+ : "

s��Cs9b ���
0 < δ = δ(ε, x)

uLhvhvj��
a ≤ x ≤ b

s9�Cs���k
f
d\egwchv��ocf Z

ε = 1
hv^ahGe

[a, b]
�8�]j[}t^aw�hG��o

f(x)
hG^�d & " � >A@ "

Z |f(x)− f(x′)| < ε
^�hv^�h � |x′ − x| < δ

[a, b] ⊆
⋃

a∈[a,b]

(x− δ(ε, x), x + δ(ε, x))

� b �;�
x1, x2, . . . , xn

d]fahGhvj ��o�f+egs9��Z hvwchvi-hGegiNh|� � d]d bNh � s�o�eg} � ^���hvhG^¤hGwcs
� [a, b] s9b-hGw�egiN��hGk¦eg��s�}�hGj

[a, b] ⊆
n
⋃

i=1

(xi − δ(εixi), xi + δ(εixi))

Z
δi = δ(εixi)

�gf2iN�
Z |f(x)− f(xi)| < ε = 1

�z�Cs8e |x− xi| < δi
� ocf2ez�

x ∈ (xi − δi, xi + δi)
b ���

i
uLhvhvj��z�Cs;e � eg^�bNs9�

x ∈ [a, b]
hG^�d

1 + f(xi) > f(x) > 1− f(xi)Z uyegiN� k eg^ �z�Cs;e+u[hGhvw�egi¥d\egs8eg}��NhG`Ch+s;��uLegiN�
x
Z
1 + maxi f(xi) > f(x) > 1−maxi f(xi)

�z�Cs;e

W0O��?� 
?M D�E��
Z
∆y = f(x0 + ∆x)− f(x0)

�gfaiN�\Z
∆x 6= 0

hG^�hGe
x0

s�b-^�}�hv}�iN}�d]o�`���egfab
y = f(x)

hv^�d  ��� �,"'+.-0/1"

∆y

∆x
=
f(x0 + ∆x)− f(x0)

∆x
= tanα

Z hG}�eghv� ^
x � ^�ochv��uL� (x0, f(x0))− (x0 + ∆x, f(x0 + ∆x))

ocd]hGfa^�s9b�d]hGe eg��^ k eg^ae+��egwchvby^�k!ocj[�
α

Z ^�����jLh|bNf�uLhvhvj uLk �
(x0, y0)

^a`�egj[��}~j[hvbNfa^¤��egwch|bNs ��k ezb
α
�cegwch|bN^ hv��k

∆x→ 0 � s5^ad]���gd]hG�]uLk
s;eg}��yuLhvhvj uLk

lim
∆x→0

∆y

∆x

Z
x0
� } f(x)

s9b�d\o�������^¤k!o�jLh
f ′(x0)

Z
x0

^2`Cegj[��}~^�ochv���
f(x) � bpo�f2k!��e

f ′(x0) � }�egd\egk_�gf2iN�
Z
y′
h (|��egk

y′(x0)
hG`�h+s���egk � dy

dx

hG`�h!s�� � o�egoc}�u[k � egk � dy
dx |x0= f ′(x0)

�gfaiN�]uLhvd]hG�8s

n£¡



�	� ��� � �  �������
(sinx)′ = cosx •

–

lim
h→0

sin(x + h)− sin(x)

h
= lim

h→0

sinx cosh+ cosx sinh− sinx

h
=

= lim
h→0

(

− sinx · 1− cosh

h
+ cosx · sinh

h

)

=

= −0 · 1− cosh

h
+ cosx · 1 = cosx

(cosx)′ = − sinx •

–

lim
h→0

cos(x+ h)− cosx

h
= limh→0

cosx cosh− sinx sinh− cosx

h
=

= limh→0

(

cosx · cosh− 1

h
− sinx · sinh

h

)

= sinx

(tanx)′ = 1
cos2 x •

–

tan(x+ h)− tanx

h
=

tanx+ tanh− tanx(1− tanx tanh)

h(1− tanx tanh)

=
tanh

h
· (1 + tan2 x)

1− tanx tanh
=

= 1 + tan2 x =
1

cos2 x

(0 < a 6= 1)
�
(ax) = ax ln a •

–

ax+h − ax
h

= ax · a
h − 1

h

Z ah−1
h → ln a

� � h|��eg�
–Z

h→ 0⇔ t→ 0
h|��}�s$u[hvbNs5bNh Z

t = ln(ah) = h lna
� ocf2egs9� �

et = ah
�gf2iN�

–

–

ah − 1

h
=
et − 1

t
ln a

Z
t→ 0⇔|r| → ∞ b-}�s�u[hvby�[Z 1

r = et − 1
�gf2iN�

–Z
t = ln(1 + 1

r )
Z
1 + 1

r = et –

qIl



–

et − 1

t
=

1
r

ln(1 + 1
r )

=
1

r ln(1 + 1
r )

=

=
1

ln(1 + 1
r )
r

=−−−→
r→∞

1

ln e
= 1

et−1
t = 1 –

Z
(a < a 6= 1)

�
(loga x)

′
= 1

x ln a •

–

loga(x+ h)− loga x

h

Z
t = loga(x+ h)− loga x

� ^���egfa^�d]k
t � }~�gf2iN� –Z

x · at = at · alog
a
x = at+log

a
x = alog

a
(x+h) = x+ h ∗Z

h→ 0⇒ t→ 0
� }�s�egfahvb �

h = x(at − 1) ∗
–

loga(x+ h)− loga x

h
=

t

x(at − 1)
−−−→
t→0

1

x ln a

� ��� � � � � � � �  �����! 
Z
x
^a`CegjL��}�d\egochv���

g(x), f(x)
eghG^�h

(f(x)± g(x))′ = f ′(x)± g′(x) Z n
(c · f(x))′ = c · f ′(x)

Z q
(f(x)g(x))

′
= f ′(x)g(x) + f(x)g′(x)

Z Y
Z
g(x) 6= 0

u[k ( f(x)
g(x)

)

= f ′(x)g(x)−f(x)g′(x)

(g(x))2
Z r

� d\eg����eg^
Z n

(f(x) + g(x))
′

= lim
h→0

f(x+ h) + g(x+ h)− (f(x) + g(x))

h
=

= lim
h→0

f(x+ h)− f(x)

h
+
g(x+ h)− g(x)

h
=

= f ′(x) + g′(x)

Z Y

(f(x)g(x))
′

= lim
h→0

f(x+ h)g(x+ h)− f(x)g(x)

h
=

= lim
h→0

[

f(x+ h)

(

g(x+ h)− g(x)
h

)

+ g(x)

(

f(x+ h)− f(x)

h

)]

=

=

[

lim
h→0

(f(x+ h))

]

g′(x) + g(x)f ′(x)

� �



Z
x
^a`CegjL��}�^aw�hG��o

f(x)
��k �

x
^a`CegjL��}~^�ochG���

f(x) � e+d\eghG^ � ��� � ��.Z Z Z s��C^ s���s;eg}��LuL� � � ��� ���1� � � � � �

f(x+ h)− f(x) =
f(x+ h)− f(x)

h
· h = f ′(x) · h→ 0

lim
h→0

(f(x+ h)) = f(x)
[

lim
h→0

(f(x+ h))

]

g′(x) + g(x)f ′(x) = f(x)g′(x) + g(x)f ′(x)

Z Z �ÌY �z}�u[hvbNfad bNf2e 1
g(x)

d\o������\k+��f2�]uy`Cegj§Z r

lim
h→0

1
g(x+h) − 1

g(x)

h
= lim

h→0
−

f(x+h)−g(x)
h

g(x)g(x+ h)

=
g′(x)

(g(x))2

� � ��������
 ��� � �)����� � � � ��� � �  �����!3
Z
y0 = f(x0)

^ae `�jL��}�^�ochv���
z = g(y)

hG^�d\e �
x0
� }�^�ochv��� y = f(x)

hv^ad  ��	� � #��� �

� uLhvhGj[d\f �
x0

^2`Cegj[��}�^�ochG���[k!hv^ae
z = g(y) = g (f(x)) = (g ◦ f) (x)

^�hv��jL��egw�^�hG��k
z′(x0) = g′(f(x0)f

′(x0) = g′(y0)f
′(x0)

� k!}�^��gw�egk+}�d\k+�[o�ez�C��s��gd]hG�
dz

dy
=
dz

dy
· dy
dx

=
dz

dx

d]wci0egd�s�}�jLf
y
hv��k �

∆x
� ^a�G�]j d]wci0egd

x0
� s��gd\hv� & " � >x@ "

∆y = f(x0 + ∆x)− f(x0) =

= f(x0 + ∆x) + y0

f(x0 + ∆x) = y0 + ∆y

d]wci0egd�s�}�j[f
z

∆z = g(y0 −∆y)− g(y0)
∆z

∆x
=

g(y0 + ∆y)− g(y0)
∆y

· ∆y
∆x

=

= g′(y0) · f ′(x0)

� �



% %
∆x 6= 0 � e ∆y = 0

u[k � ^�����eg^�}�^�hv��}~bNh
^�hv^�h

∆x
d]wci0egd�s�}�j[f

x0
uLk¦hG��k �

x0
^a`CegjL��}~^�ochv���

f(x)
^�hG��j[��egw�uLk � � egjLhvd

f(x0 + ∆x) = f(x0) + ∆xf ′(x0) + ∆x · α(∆x)
Z
∆x→ 0

o�bNk+��iNwck!s�d]wck ezbyb
∆x

s9b�^�hv��jL��egw¨k!hv^
α(∆x)

o�bNk2�
ochG`C���

α (∆x) =
f(x0 + ∆x) − f(x)

∆x
− f ′(x)

∆x→ 0 ⇒ α→ 0

f(x0 + ∆x) = f(x0) + ∆x · f ′(x0) + ∆x · α(∆x)

Z ^���ez�C�\^�o�eg��} ∆z
∆x

s���}�ezb-s9�Cd\iN�

∆z = g(y0 + ∆y)− g(y0) =

= ∆y · g′(y0) + ∆y · α(∆y)

∆z

∆x
=

∆y

∆x
g′(y0) +

∆y

∆x
α(∆y) =

= f ′(x0)g
′(y0) + f ′(x0) · 0 =

= f ′(x0)g
′(y0)

�	��� ���� �	� ��� � �  �������
(xa)′ = axa−1 •

–

y = xa

ln y = a lnx

d

dx
(ln y) =

a

x
d

dx
(ln y) =

d

dy
(ln y) · dy

dx
=

=
1

y
· dy
dx

1

y
· dy
dx

=
a

x

dy

dx
=
a

x
· y =

a

x
· xa = a · xa−1

Z o�`���egf¦^�hv^�h
lnx � b�f1(v� −(−x)n � j[� � x < 0 � e2^a`�hGfa} –

(xx)
′ •

d
dxe

y s)(v�~Zy = x lnx
� jL�

–

d

dx
(ey) =

d

dy
(ey)

dy

dx
=

= ey · dy
dx

= xx
dy

dx
=

= xx · (lnx+ 1)

qIY



(xx)′ = xx · (ln x+ 1) –Z
y = xx

^�hv^ah � d\w�i0eg�L^�����eg^
–

ln y = x ln x

d

dx
(ln y) = lnx+ 1

1

y
· dy
dx

= lnx+ 1

dy

dx
= y(lnx+ 1) = xx(lnx+ 1)

(uv)
′ }CbN� s�Z

x � }�d\egochv��� v = v(x)
�
u = u(x)

eghG^�h •
Z
y = uv

�gf2iN�
–

ln y = v lnu

y′

y
= v′ lnu+ v (lnu)

′
=

= v′ lnu+ v · u
′

u

y′ = uv
(

v′ lnu+
v · u′
u

)

(uv)′ = uv
(

v′ lnu+ v·u′

u

)

–

� s�hv��ocd
Z
x(xx) d]k_o�eg���

� � �����	����� � �)��������� ��� � �  �������
�

dy

dx
=

1
dx
dy

y = sinx

x = arcsin y

d

dy
arcsin y =

1

cosx
=

1
√

y2 − 1

cosx =
√

sin2 x− 1

y = ax

x = loga y

x′ =
1

y ln a

�

y = f(x) � x = f−1(y)

� �



d

dy
arcsin y =

1
√

1− y2

d

dy
loga y =

1

y ln a

^���egw�^a^-^�hG��j[��egwc^¥d]f2hvhGjSuLk�Z
f ′(x0) 6= 0

h|� � hv��� Z
y0 = f(x0)

hG^�hGe��
x0

^a`�egj[��}¦^ao�hG���
y = f(x)

hv^ad  ��	�  #��� �
Z
ϕ′(y0) = 1

f ′f(x0)
� e y0 � }�^ao�hG��� ϕ hv��k �

y0 � }�^aw�hG��o ϕ uLk e
x = ϕ(y)� ocf2egs9�

dx

dy
|y0=

1
dy
dx |x0

�gf2iN� � ^����]j�d]wci0egd
∆x 6= 0

hv^�d & " � >x@ "
∆y = f(x0 + ∆x) − f(x0)

= f(x0 + ∆x) − y0 � ocf+egs9�~Z
f(x0) + ∆x) = y + ∆y

�
f(x)

s�^���egwc^�^ ^ahv��jL��egwc^¤d]k¦s;hv��w��
x0 + ∆x = ϕ (y0 + ∆y)

∆x = ϕ(y0 + ∆y)− ϕ(y0)

Z
x0
� }~^�wchG��o f hv���∆y → 0

u[�L^�hG^�h
∆x→ 0

o�bNk+�
� ocf2egs9��Z

y0 � }~^�wchv��o ϕ h|�
∆x→ 0

u[�L^�hG^�h
∆y → 0

o8bNk+�
∆x→ 0 ⇔ ∆y → 0

∆x = 0 ⇔ ∆y = 0

∆x 6= 0 ⇔ ∆y 6= 0

s���s9�Cd\iN�
ϕ(y0 + ∆y)− ϕ(y0)

∆y
=

∆x

f(x0 + ∆x)− f(x0)
=

=
1

f(x0+∆x)−f(x0)
∆x

� egh�e ezbN^ae �
y0
^2`Cegj[��}

ϕ
s�b�d]oc������^ � ocf+egs9� � s;eg}���^�u[hGhvj��z�Cs;e 1

f ′(x0)
� s ��k ezbp�ghGfah!`���hv��k

∆x→ 0
hv��k

∆y → 0
d]k �8hGk+by�

ϕ′(y0) =
1

f ′(x0)

Z
y0 � }�bNfaf d\hv���\eg��egf2e2^�wchv��o ϕ(y)

^�hG^�d � uy`Cegj��]w�bNfaf hG��k
x0

d\}�hv}�iN}�^aw�hG��o�e�bNfaf d\hv��ez�\eg��egf
f
uLk  ��� 3*"'+ : "

q �



� � � � � �����
��	� ��� � �  �������
^�hv��jye `���hvk!}~ochG`���� hv��k

x0
^a`CegjL��}~uLhvf2�8w�ocwciNf ^�ochv���

f
uLk

f (n)(x0) =
(

f((n−1)(x)
)′

Z ez��e
f (2) = f ′′, f (3) = f ′′′ o�bNk2�

� ^�hv��jye `���hvk!}
(f ± g)(n) = f (n) ± g(n)

(f(x) · g(x))(n) =
n
∑

k=0

(

n

k

)

fk(x) · g(n−k)(x)

(cf(x))
(n)

= c (f(x))
(n)

(

x2 sinx
)(n)

=

2
∑

k=0

(

n

k

)

(

x2
)k

(sinx)
n−k

=

=

(

n

0

)

x2(sinx)(n) +

(

n

1

)

(

x2
)′

(sinx)(n−1)

(sinx)
(k)

=































k = 1 cosx

k = 2 − sinx

k = 3 − cosx

k = 4 sinx
�

�

�

�

�

�

=















k
2 ∈ {2n} sinx
k
2 /∈ {2n} , k ∈ {2n} − sinx

�

�

�

�

�

�

(n ∈ N)

� ��� � � � � � ��� � � ���  �������
� b �;� A ocwciNf�u[hGhvj u[k �

x0
� }�d]hvs�hG}�k!hv����ocwchG`¨k+hG^ � x0

s9b�^�}�hG}�iN}�d]o�`���egfab
f(x)

^�hv��jL��egw¨hv��ocfak!�  ��� �'",+.-0/1"
f(x0 + ∆x) = f(x0) +A∆x + ∆x · α(∆x)

Z
α(∆x) −−−−→

∆x→0
0
e � �ceg}�j

A
� l � s9b-^�}�hv}�iN}�k eg^

∆x
o�byk+�

∆x→ 0
uLk � �gk+�Cf

lim
∆x→0

f(x0 + ∆x)− f(x0)

∆x
= A

Z
A = f ′(x0)

� ocf2egs9�
Z d]hvs�hG}�k!hv����ocwchG`

f
hG��k

x0
� }~^�ochv��� f u[k�Z � ez�C� �8w�hG^�^�u[��b-eg��k+oc^ � �z��hG��w�s

Z
x0
� }�^ao�hG��� f u[ktjLo�e�uLk x0

� }~d]hGs�hv}�k!hv����ocw�h�` f  ��� ��" 6 � 
�
� d\oceg��}�d\k+�[� iN��s��gd]hG�

∆y = f ′(x0)∆x+ ∆x · α(∆x)

q �



Z
dx

h�`�h!s��
∆x

d]k�^�d]�¨�gf2iN�
dx = ∆x

�gf2iN��e

dy = f ′(x0) · dx =
dy

dx
· dx

∆y =
dy

dx
· dx+ α(dx) · dx ' dy

dx
· dx

∆y ' dy = f ′(x0)dx

Z `Cegk!f¦�z�]j
dx

o�byk+�
∆y

d]wci0egd]s �.� ezbNk!o¨o�`�iNf���}�egochGj_d\��d[eg�Gbp^�� i0eg�[eg�
� b0egf2h|bNs�k!fa��e `

Z
dy

d]k¦}�bN��s$bNh
x0 = 1, y0 = ln 1 = 0, dx = 0.1

�
y = lnx

hv^�d �
ln 1.1

d]k¦}�egochvjL}�}�by�

dy = f ′(x0)dx = 1 · dx = 0.1

ln 1.1− ln 1 = ∆y ' dy = 0.1

ln 1.1 ' 0.1

Z
sin 46o = sin

(

π
4 + π

180

) }�egochvjL}�}�bN���[Z
y = sinx

� d]wci0eg�Lk+f2��e `
sin
(π

4
+

π

180

)

− sin
π

4
= ∆y ' π

180
√

2

sin 46 = sin
(π

4
+

π

190

)

' 1√
2

+
π

180
√

2

Z
(2.20)

1
3
}�ezbNhG�

(1.3)3 = 2.197
h|����e `Ch

(2.20)1/3 =

(

1.3 +
3

1000

)
1
3

= 1.3

(

1 +
3

2197

)
1
3

f ′(1) = 1 f ′(1) =
1

3
,

dx =
3

2197
∆y ' dy = f ′(1) · dx =

1

3
· 3

2197
=

1

2197

∆y =

(

1 +
3

2197

)
1
3

− 1
1
3 1 +

1

2197

� � ��� � 
 � � � ��� ��������� � � ������� �������  �������
� h�`�h!s��¨� egd]�[s�����f � k+f2��e `�s

0 ≤ 0 ≤ 2π, y = sin t, x = cos t

q �



�Ìd]hvo��]f2o�w¨^�o�eg��}�^���egd]��^ ^�hv��jL��egw�s9b-d\o�������^��  ��� � #���� �

Z
α ≤ t ≤ β �8�]j[} x = ϕ(t), y = ψ(t)

hv^�d
Z ^�wchv��o¨k!hG^ae�� �8�]j[}�bNfaf d\hv��ez�\eg��egf

ϕ(t)
��hG���

��k e
t = ϕ−1(x)

� ^�wchv��o¨k+h�ea^���egw�^a^ ^�hv��jL��egw�^¤d]f2hvhvj�hG��k
y = ψ(t) = ψ · ϕ−1(x)

dy

dx
=

dy
dt
dx
dt

=
ψ̇(t)

ϕ̇(t)

d2y

dx2
=

d

dx

(

dy

dx

)

=
d

dx

(

ψ̇(t)

ϕ̇(t)

)

=

=
d

dt

(

ψ̇(t)

ϕ̇(t)

)

· dt
dx

=

d
dt

(

˙ψ(t)
ϕ̇(t)

)

dx
dt

=

=
ψ̈(t)ϕ̇(t)− ψ̇(t)ϕ̈(t)

(ϕ̇(t)) ϕ̇(t)
=
ψ̈φ̇− ψ̇ϕ̈

ϕ̇3

� ���.� ����� � � � � ��� ��� ������
�� ��� ������������ ��� � ���.
  �������
^afaocw��]w�bNf  ��� � #���� �

Z
f ′(x0) = 0

hG��k � d\hvf2egjLf�uLegf2o��]iNj[k�d\`CegjL�\k!hv^
x0

uLk �
x0
� }�^�ochG��� f(x)

hG^�d
�z�Cs;e

f(x0 + ∆x) ≤ f(x0)
^�hv^�h!jLhvwciNf �z�]j |∆x| oceg}���hv��k � hGf2egjLf¤uyegfahGiNj[f�d\`�egj[� x0

� hv��� & " � >x@ "
f(x0 + ∆x) − f(x0)

∆x
≤ 0 (∆x > 0)

≥ 0 (∆x < 0)

f ′(x+
0 ) = lim

∆x→ 0
∆x > 0

f(x0 + ∆x) − f(x0)

∆x
≤ 0

f ′(x−0 ) = lim
∆x→ 0
∆x < 0

f(x0 + ∆x) − f(x0)

∆x
≥ 0

⇓
f ′(x0) = 0

Z uyegfahviNjLfa^¤d]k�}CbN� s5bNh
f(x) = x3 − 3x,−4 ≤ x ≤ 4

� � 
 � ���

f(4) = 64− 12 = 52

f(−4) = −64 + 12 = −52

f ′(x) = 3x2 − 3

=
?

0

x = ±1

f(1) = −2

f(−1) = +2

q£�



s8ego¨�]w�bNf  ��� � #���� �

Z
f ′(c) = 0

^�}Cb
a < c < b

bNh hv��k �
f(a) = f(b)

u[kt��k �
(a, b)

��egd]wc^ � e egoc}�^�ochG���Ie
[a, b]

o�eg��i-�8�]jL}�^aw�hG��o
f(x)

hv^�d
Z
[a, b]

�8�]j[}
m
uyegfahv��hGf2e

M
uyegfahviNjLf�d]s�}�j[f �z�Cs;e2^�wchv��o

f
& " � >A@ "
� uLhvocjLf�hv��b

Z
a < x < b

s��Cs
f ′(x) = 0

d]oc������^��z�Cs;e+Z
x
s9�Cs

f(x) = m = M
hv��k �

m = M
Z
c
d]hvf2hv��w�^a`CegjL��}~u[hGs�}�jLd]f

m
egk
M

hG��k & " � >A@ "
m < M

Z
f ′(x) = 0

� ^�faocw¨hGwcs$��k e+Z
c
d]hGfahv��w�^2`Cegj[��}

M
� s9bNf2s

� ����o���s �]w�bNf  ��� � #���� �

^�}Cb
a < c < b

d]f2hvhGj_hG��k¦Z
(a, b)

��egd]wc^ ��e egoc}�^�ochv����e
[a, b]

oceg��i§�8�]j[}~^�wchv��o
f(x)

��^�d

f ′(c) =
f(b)− f(a)

b− a

^�hG��j[��egw�och�`���� & " � >x@ "
F (x) = f(x)− f(a)−

(

f(b)− f(a)

b− a

)

(x− a)

F (b) = F (a) = 0

Z
F ′(c) = 0

^�}Cb
a < c < b

bNh!s;ego¨hGwcs��z�Cs8e��
(a, b) � }~^�ochv����e [a, b] � }~^�wchG��o F (x)

��k e
0 < θ < 1

e%�
c = x0 + θ∆x

^�o�eg��} }�d]�C^�s�d]��hvd]hG�
c
hv��k

b = x0 + ∆x
�
a = x0

� ����oc��s¨�]w�bNfa}t�gf2iN�  ��� ��"'+ : "� b-k!hG^¤^a��jLiNfa^
f(x0 + ∆x) = f(x0) + f ′(x0 + θ∆x)∆x

��� ��d\eghGs�hv}�k+��hG��o�wch�`�^¢d\oc`C��^�s�^ae ezbN^
f(x0 + ∆x) = f(x0) + f ′(x0)∆x) + α(∆x)∆x

� k!fa��e `

f(x) = lnx x0 = 1

ln(1 + ∆x) = ln 1 +
∆x

x0 + θ∆x
=

∆x

1 + θ∆x

1

1 + ∆x
<

ln(1 + ∆x)

∆x
< 1

���



h|b0egj��]w�bNf  ����� #���� �

a < c < b
^a`CegjL�\bNh]hG��k-Z

g′(x) 6= 0 ∈ (a, b)
�
g(b) 6= g(a)

� hG���0Z
(a, b)

��e egoc} d[ego�hG����e
[a, b]

�;�]jL}�d\egwchv��o
g(x)

e
f(x)

^���hv^�d
^�}�b

f ′(c)

g′(c)
=

f(b)− f(a)

g(b)− g(a)

f ′(c) =
f(b)− f(a)

g(b)− g(a) g
′(c)

och�`���� & " � >x@ "
F (x) = f(x)− f(a)−

(

f(b)− f(a)

g(b)− g(a)

)

(g(x)− g(a))

F (a) = F (b) = 0

Z
F ′(c) = 0

^�}Cb
a < c < b

bNh � s;ego¨hGw�s8e
(a, b) � }�^ao�hG����� [a, b] � }~^�wchG��o F (x)

eg}�oc`��]w�bNf  ���  #���� �

Z
f ′
−(b) � e f ′

+(a)
�ghG}�k!��f2��^ �8oc��s9�~d]s�}�jLf

f ′(x)
hG��k

[a, b]
oceg��iN^¤�8�]jL}�^ao�hG���

f(x)
u[k

^a}Cb
a < c < b

^2`Cegj[�(d]f2hvhGj\b � h|��eg^as s)(v� Z eg^�bys��
f ′
+(b) < µ < f ′

−(b)
hv^�h�e

f ′
+(b) < f ′

−(b)
s9bNfas � hG��� & " � >x@ "

Z
f ′(c) = µ

^�hG��j[��egw�ochG`C���
F (x) = f(x)− µx

� u[hGocj[f�hv��b¥bNh Z uyegfa��hvf d]s;}�jLf
F (c)

^�}Cb
c
^2`Cegj[�\bNh+hG��k � oceg��iN^¤�8�]jL}�^aw�hG��o¨�z�Cs;e

[a, b]
�;�]jL}~^�ochv���

F (x)
hv��k

(1) a < c < b (1) c = b ��� c = a

F ′(c) = 0 = f ′(c)− µ ^afaocw¨hGw�s�hG��k a < c < b
uLkZ n

Z
c = a

s9bNf2s���hG�����Ìk � Z q

(∆x > 0)
F (a+ ∆x) − F (a)

∆x
=

f(a+ ∆x)− f(a)

∆x
− µ

−−−−→
∆x→0

f ′
+(a)− µ < 0

a � b*�;�Cs�^�ochvd\i � F (a + ∆x) < F (a)
����eLZ F (a+∆x)−()

∆x < 0
^�hv^ah

0 < ∆x < δ
uLk+b �;���z�]j

δ > 0
uLhvhvj¥�z�Cs

Z
F (x)

s�b-uyegfahv��hGf¤d[`Cegj[�
uLhvhvj��z�]j

∆x > 0
o�eg}��¨hv��k �

c = b
uLk � hG�GbN^¤^�ocj[f2} �Ì}��

F (b−∆x)− F (b)

−∆x
=

f(b−∆x)− f(b)

−∆x
− µ

−−−−→
∆x→0

f ′
−(b)− µ

YVl



^�hG^�h
0 < ∆x < δ′

s9�Cs�ego�eg}��8b
δ′ > 0

u[hGhvj��z�Cs;e
F (b−∆x) − F (b)

−∆x
> 0

F (b−∆x) − F (b) < 0

F (b−∆x) < F (b)

Z ^�ochvd]ipeg��e � uyegfahG��hvf¤d\`CegjL�\k!s
b
�z�Cs

s;eg}���^¤u[hGhvj u[k_Z ^�fa���
x0

^a`CegjL��s�hvs;egk¦�]o�w�� ^�}�hG}�iN}�^�ochv����e
x0

d]}�hG}�iN}�^�wchv��o
f(x)

hG^�d  ��	� 3 #��� �

` = lim
x→x0

f ′(x)

Z
` � s�^ae ezb0e!u[hGhvj f ′(x0)

hv��k
Z
x0
� s�u[h�`C`���`�� d\egs8eg}���s�uL�L� ez�C�]�]w8bNf2^ � ^ao���^

& " � >x@ "
f ′(x0) = lim

∆x→0

f(x0 + ∆x) − f(x0)

∆x

� ocf2egk+b*� � ����oc��s �]w�bNfa}�bNfad]by�
f(x0 + ∆x)− f(x0)

∆x
= f ′(x0 + θ∆x)

−−−−→
∆x→0

{

f ′
+(x0) ∆x > 0

f ′
−(x0) ∆x < 0

Z
f ′(x0) = `

s�}�jL��e�s;eg}���^�u[hGhvj��z�Cs;e

uLhG`C`C��`�� ^�d\egs;eg}���^t`�� k¦d\eg� wcs���k
f ′(x)

s9b-d\egwchv��o�hvk¦d\`CegjL�
x0

u[kthG��k
[a, b]

�;�]jL}~^�ochv���
f(x)

hv^ad  ��	� � #��� �

lim
x→ x0

x > x0

f ′(x) lim
x→ x0

x < x0

f ′(x)

% uLhvhGj_k!s
Z hv��b§�IegiNft`�hvf2d �g^

f ′(x)
s9b�d\egwchv��o�hvktd[e `Cegj[� � o�f+egs9�

Z � ezbNk!o¨��egiNft�g^
[x]

s9bpd\egwchv��oc^�hvk¦d\e `CegjL�[hv�
f ′(x) = [x]

k!hv^�^�d]oc������b
f(x)

^�hG��j[��egw�d]f2hvhGj�k+s � ^���jLiNf
hv��k �´�]w�bNfa^�s9b��as)(|��^�d\egs;eg}���^ hv��b§uLhvf2hvhGj_eghG^¤uLkthv� & " � >x@ "

f ′(x0) = f ′
+(x0) = lim

x→ x0

x > x0

f ′(x)

f ′(x0) = f ′
−(x0) = lim

x→ x0

x < x0

f ′(x)

Z
f ′(x0)

s9b�d\egwchv��o¨hGktd\`CegjL�\^a����hGk
x0

�z�Cs

Y7n



� WNTVO2T{K �¥W0T£H  � 
VT£Q D�E��

^�hG^�h
a ≤ x1 ≤ x2 ≤ b d[e `Cegj[�[hvd b�s9�Cs9b ezb0ego�w �

[a, b]
�;�]jL}�^aocegf2j

f(x)
� ^�o�`���^

f ((1− θ)x1 + θx2) ≤ (1− θ)f(x1) + θf(x2) (0 ≤ θ ≤ 1)

Z �8wc^�d]fts)(v��^ � eghGe ezbN^ hvktuLkt^�o�eg��j
f
 ��	� �,",+.-0/1"

Z
x0
� s�s�k!fabyf+e!�ghvfahGf¢d\o������]byh �8�]jL} x0

d]hvf2hv��w�^a`CegjL�\s��C}���k¦�;�]jL}~^�o�egfaj
f(x)

u[k  ��	� �*" 68:$#

� }~s9�Cd\iN��e
x2 = x0 + ∆x

�
x1 = x0

��jL�]uLkthv��k
0 < t < 1

s��Cs$hG��k
∆x > 0

^�hG^�h & " � >A@ "
(1− t)x1 + tx2 = (1− t)x0 + t(x0 + ∆x) =

= x0 + t∆x

� ^�o�eg��^ d]k¦d]s;}�jLf¤d[ego�hGfajL^�d]o�`���^���k!e
f(x0 + t∆x) ≤ (1− t)f(x0) + t · f(x0 + ∆x)

f(x0 + ∆x) − f(x0) ≥ f(x0 + ∆x)− (1− t)f(x0)

t
− f(x0) =

=
f(x0 − t∆x)− f(x0)

t
≥

f(x0 − t∆x)− f(x0)

∆x · t

�gf2iN�

F (h) =
f(x0 + h)− f(x0)

h

Z
h > 0

o�eg}�� ↓ F (h)
h|�~eg��s�}�hGj

s;eg}���^�uLhvhGj �z�Cs8e
F (h2) > F (h1)

hv��k
0 < h1 < h2

uLk
F+(0) = lim

h→ 0
h > 0

F (h) =

= f ′
+(x0)

F (h) ≥ F+(0)
h|��u[�yeg��s�}�hGj

f(x0 + h)− f(x0)

h
≥ f ′

+(x0)

ª È£¼ Æ{Í$ÂÌ¿�»�¾���Î;¼8È£¼ ¾8Í��PÈPÉ ÎA¿���Â´Ã ¾�Â´Î(ÍC¿��?Î��
	 �



Z �z�]j�jLhvwciNf
h > 0

s9�Cs
hv��kt^�o�egfaj

f � e2eg^�bys�� y > x
uLk � o�f+egs9�

f(y)− f(x)

y − x ≥ f ′
+(x)

^�f+e `��gw�egk!}
f(y)− f(x)

y − x ≤ f ′
−(y)

^�o�egf2j¥^�hv��jL��egw¨s9�Cs��z�Cs;e

f ′
+ ≤

f(y)− f(x)

y − x ≤ f ′
−(y)

x < y
d\e `CegjL�'��eg�Ns��C}¤eg��s�byhyhv��Z �8�]jL}

x
s9�Cs

f ′′(x) ≥ 0
hG��k�^aocegf2j

f
u[�Ie �;�]jL} d\fahvhGj

f ′′ u[k � �]ocwc}  ��� ��" 6 � 
�
��k e

f ′(x) ≤ f ′(y)

f ′(y)− f ′(x)

y − x ≥ 0

^�d]�¨s;}�jL��e
y > x

o�bNk+�
y → x

^�d]k �8hGk+by�
f ′(y)− f ′(x)

y − x ≥ 0

hG��k

f ′′(x) = lim
y→x

f ′(y)− f ′(x)

y − x ≥ 0

Z
x
s��Cs

E ���'H�Q!TP� �a� � D�E��
Z s9�]hGw�egs$s;s9��d\o�����}�u[hv�]hv��s$�gd[egk¦k eg��fas��gd]hG� � ^��\ezbNw¨^�o�`���^��ghGk

0 · ∞, ∞∞ , 00, 1∞, 0
0 ,∞−∞

^aoceg��^aftd\egs;eg}���s
�
a
s�b-d]}�jLeg��^�^�}�hG}�iN}¨d[egfahvhGj[f+e

a � s�hGs;egkt�]ocw a d]}�hG}�iN}�d[ego�hG��� f, g ^���hvhv^ad  ��	� � #��� �

Z ^�}�hG}�iN}
x 6= a

o�eg}��
g′(x) 6= 0

Z n
limx→a f(x) = limx→a g(x) = 0

Z q
�Ìhvw�egiN��hvk¦egk_hvw�egi§d[eghv^�s�s;ez�Chvb��

` = limx→a
f ′(x)
g′(x)

uLhvhGj Z Y
hv��k

lim
x→a

f(x)

g(x)
= `

Z u[h�`C`��~`�� d\egs8eg}���s�uL�L� ez�C�]�]w8bNf2^ � ^ao���^

YVY



b0`�� ft��ktochG`C��� � d\ego�`���egftk!s�hvs;k
g, f

^�}�b-^a`CegjL�
x = a � ead[eghv^ & " � >A@ "

f(a) = g(a) = 0

Z d\egwchv��o
g, f

egh|by�C��hG��k
� ocf+egs9� �

g, f
hG}���s$uLhvfahGhvjLd]f¤h|b0egj �]w�byf hGk!��d��

a
^a`�egj[��s,(|^a�G�]j (+d]wci0egd

h 6= 0
hG^�d

f(a+ h)− f(a)

g(a+ h)− g(a) =
f ′(c)

g′(c)
(a < c < a+ h)

Z
a→ c

hG��k �
h→ 0

o8bNk+���z�Cs;e��
h � }~}�h�egs�d��g}�egf��

c

� d[egk+f2��e `
sinx− x

x3
→ − 1

3!

lim
x→0

(

sinx− x
x3

)′
= lim

x→0

(

cosx− 1

3x2

)′
= lim

x→0

(− sinx

6x

)′
= lim

x→0

− cosx

6
=
−1

6

sinx− x −x3

6

lim
x→0

(

sinx− x+ x3

6

x5

)
′

=
1

5!
=

1

120

sinx x− x3

6
+

x5

120

1 = lim
x→0

ex − 1

x
ex − 1 x

ex − 1− x
x2

→ 1

2!

ex − 1− x− x2

2!

x3
=

1

3!

ex 1 + x+
x2

2!
+
x3

3!
+ . . .

xn

n!

d]f2hvhvjLf2e
(a,∞)

�;�]jL}�d\egochv���
g, f

^���hvhv^ad  ��	� � #��� �

�8�]j[}
g′(x) 6= 0

Z n
�Ìhvw�egiN��hvk�egk¦hvw�egi�s;eg}��Ld\eghG^�s�s;ez�Ch

`
� f ′(x)
g′(x) −−−−→x→∞

`
Z q

limx→∞ f(x) = limx→∞ g(x) = 0
Z Y

� eghGe ezbN^ae+s;eg}���^¤uLhvhGj hv��k

` = lim
x→∞

f(x)

g(x)

t→ 0+⇔x→ +∞ hv��k �
t = 1

x

�gfaiN� & " � >x@ "

	 �



ochG`C���

F (t) = f

(

1

t

)

= f(x)

G(t) = g

(

1

t

)

= g(x)

h|��� hv��eg�
F (t)

G(t)
−−−−→
t→0+

`

�g}�egf���e � l(s9b�d\hv��fah+^�}�hG}�iN}�u[hGfahGhvjLd]f¢^ad]�¨uL^
F (t), G(t)

s���uLhvk!��d]^¤s�}�k
lim
t→0+

F (t) = lim
t→0+

G(t) = 0

G′(t) =
d

dt
g(x) =

d

dx
(g(x))

dx

dt
= −g

′(x)

t2
= −x2g′(x) 6= 0

F ′(t)

G′(t)
=
−x2f ′(x)

−x2g′(x)
=
f ′(x)

g′(x)
−−−−→
x→∞

`

^afa��e `

lim
x→∞

(

1 +
a

x

)∞

ln
(

1 +
a

x

)

= x ln
(

1 +
a

x

)

=

=
ln
(

1 + a
x

)

1
x

=

=

(

ln
(

1 + a
x

))′

(

1
x

)′ =

=

1
1+ a

x

(

− a
x2

)

− 1
x2

=
a

1 + a
x

→ a

� d\egf2hvhGj[f+e
(a, b]

�;�]jL}�d\egochv���
g, f

^���hvhv^ad  ���� � #��� �

limx→a+ f(x) = limx→a+ g(x) = +∞ Z n
Z
a < x < b

s9�Cs
g′(x) 6= 0

Z q
�Ìhvw�egiN��hvk�egk¦hvw�egi�d\eghv^as$s8ez�Ch

`
�
limx→a+

f ′(x)
g′(x) = `

Z Y
� eghGe ezbN^ae+s;eg}���^¤uLhvhGj hv��k

lim
x→a+

f(x)

g(x)
= `

	��



�gfaiN� & " � >x@ "
lim
x→a+

f ′(x)

g′(x)
= `

Z
x ∈ [a, b]

s9�Cs
g(x) > 0

b�d\eghvs�s��C^ d]s�}���^¤hGs�}~� hv��^�s$s9��eg�
g(x) −−−−→

x→a+
∞ e2d\eghv^ Z hvw�egi�ocw�iNf k eg^

`
hv��^�s�hG� d���hG����e

uLhvhGj[d]f
a < x < a < η

s9�Cs�b �;�
η > 0

uLhvhvj hG��k�Z
ε > 0

k!^�h
∣

∣

∣

∣

f ′(x)

g′(x)
− `
∣

∣

∣

∣

<
ε

2

� b �;�
x < c < x0

uLhvhvj
a < x < x0

s9�Cs�hvbNegj �]w�bNf hvwcs�Z
x0 = a+ η

�gfaiN�
f(x)− f(x0)

g(x)− g(x0)
=
f ′(c)

g′(c)

� uLhvhGj[d\f
a < x < x0

s��Cs � �z�Cs;e
∣

∣

∣

∣

f(x)− f(x0)

g(x)− g(x0)
− `
∣

∣

∣

∣

<
ε

2

u[hGhvjLd]f
a < x < a+ δ

s9�Cs9b �;�
0 < δ < x0 − a u[hGhvj[b¥s�}�jL�

g(x)→∞ � b�hvk!��d]}��]hv}��\u[k
∣

∣

∣

∣

f(x0)− k · g(x0)

g(x)

∣

∣

∣

∣

<
ε

2

0 < 1− g(x0)

g(x)
< 1

� }�^�d]�¨�g��eg}�d]�
f(x)

g(x)
− ` =

f(x0)− k · g(x0)

g(x)
+

[

1− g(x0)

g(x)

][

f(x)− f(x0)

g(x)− g(x0)
− `
]

� uLhvhvjLd]f
a < x < x0

s9�Cs�h|���8}�eg�]s)(v��^¤d[eg^���^�f
∣

∣

∣

∣

f(x)

g(x)
− `
∣

∣

∣

∣

≤
∣

∣

∣

∣

f(x0)− k · g(x0)

g(x)

∣

∣

∣

∣

+

∣

∣

∣

∣

f(x)− f(x0)

g(x)− g(x0)
− `
∣

∣

∣

∣

uLhvhvjLd]f
a < x < a+ δ

s9�Cs�b�s�}�j[�\s)(|��^�d\egh�eg^���^ hvwcs
∣

∣

∣

∣

f(x)

g(x)
− `
∣

∣

∣

∣

< ε

�z��s;��e

lim
x→a

f(x)

g(x)
= `

� k!fa��e `
lim
x→∞

=
x√

1 + x2
= 1

1
x√

1+x2

=

√
1 + x2

x
=

x√
1+x2

1
=

x√
1 + x2

Y �



d\egfahGhvjLf2e
[a, b]

o�eg��iN^��8�]j[}~d]o�`���egf
f, g

^���hvhv^ad  ������ #��� �

g(a) = f(a) = 0
Z n

g′(a) 6= 0
Z q

� eghGe ezbN^ae+s;eg}���^¤uLhvhGj hv��k

lim
x→a

f(x)

g(x)
=
f ′(a)

g′(a)

& " � >x@ "
lim
x→a+

g(x)− g(a)
x− a = lim

x→a+

g(x)

x− a = g′(a) 6= 0

Z
a < x < a+ δ

�]j[}��
a � s�}�egocj x

� g(x)
x−a 6= 0

�z�Cs;e

lim
x→a+

f(x)

g(x)
= lim

x→a+

f(x)−f(a)
x−a

g(x)−g(a)
x−a

=
f ′(a)

g′(a)

O2TP�+H�H�� W'U �NR T�
 D�E�� �
Z uyeg��hGs;egw

P (x) = anx
n + an−1x

n−1 + . . .+ a1x+ a0
hv^�h

P (0) = a0

P ′(0) = 0

P (k)(0) = akk!

ak =
P (k)(0)

k!
(k = 0, 1, 2, . . . , n)

P (x) =
n
∑

k=0

P (k)(0)

k!
xk = P (0) +

P ′(0)

1!
x+

P ′′(0)

2!
x2 + . . .+

P (n)(0)xn

n!

Z �ghGo�egs�j[f�d]� i0eg� � iNwck!^�}�hG}�i¥o�egs�hGh|� ocez� s9b�� egd\hvw�eg^a�
� eg^�bNs9�

x0
^a`�egj[�[}�hv}�i

P (x)
� egd\hvw¨s;}�jL�\�gk+�Cf � �z�~egf��

P (x) = P (x0) +
P ′(x0)

1!
(x− x0) + . . .+

P (n)(x0)(x − x0)

n!

� �gf2iN��e
x = x0 + h � b �;� h b0`��¤^�fad]byf iNhG���C�

q(h) = P (x)

= P (x0 + h) = Anh
n +An−1h

n−1 + . . .+A1h+A0

Ak =
q(k)(0)

k!

P (x) = q(h) =
n
∑

k=0

q(k)hk

k!
=

=

n
∑

k=0

q(k)(0)(x− x0)
k

k!

	 �



 ���  *" 68: #

q(k)(0) = P (k)(x0)

q(0) = P (x0)

q′ =
dq

dh
|h=0=

dP (x)

dx
|x=x0 ·

dx

dh

=
dP (x)

dx
|x=x0= P ′(x0)

s�}�j[��e
q′(h) = P ′(x)

eg��s�}�hGj

q(k)(h) = P (k)(x) (k = 0, 1, 2 . . .)

� uyeg��hvs;egwcs�o�egs�hvhv��d]� i0eg�  ��� 3 #���� �

P (x) =

n
∑

k=0

P (k)(x− x0)
k

k!
=

= P (x0) +
P ′(x0)(x − x0)

1!
+
P ′′(x0)(x − x0)

2!
+ . . .+

P (n)(x − x0)
n

n!

� � � � � ��� � �)����� �)� � � ��� ����� � ��� �  ���� �����

}�egd �C�]��k e �
x0

^a`CegjL��}�u[hGfa��w
n
^�ochG����b

f(x)
^ahv��jL��egwc}

P (x)
d]k ��hvs;��^as$k eg^ � eghv��oc^

f(x) =

n
∑

k=0

f (k)(x0)

k!
(x− x0)

k +Rn(x)

^����]j
R(x)�z�]j[^ oc}�h

s9b o
Z uLe

o�bNk2�
f(x)− P (x) = Rn(x)

 ��� ��" 68: #

Rn(x) = (x− x0)α(x)

Z
α(x) −−−−→

x→x0

0
o�bNk2�
� ocf2egs9�

Rn(x)

(x− x0)n
−−−−→
x→x0

0

f(x) = f(x0) + +(x− x0)f
′(x0) + (x− x0)α(x)

h�`�h!s��
f(x)

d]k�eg��}�o�j¥eg}�b
n = 1

^�ocj[f2^¢d\k�s�hGs9�Cf ^��

	 �



� ^����;�]^�d]����eg^ & " � >x@ "

Rn(x0) = 0

R′
n(x) = f ′(x) −

n
∑

k=1

f (x)(x0)

(k − 1)!
(x− x0)

k−1

R′
n(x0) = f ′(x0)− f ′(x0) = 0

�

�

�

R(k)(x0) = 0(k = 0, 1, 2, . . .)

� s9�]hGwcegs�hGw�s
lim
x→x0

Rn(x)

(x− x0)n
= lim

x→x0

R′
n(x)

n(x− x0)n−1
=

uyeg��hvs;egwc^ � egd]�\d[egk+f2��e `
P (x) = 2x4 = 3x2 + 7x− 20

Z
x0 = 1

}�hG}�i§egs9bp��egd]hvwc^ d]k�}CbN�

P (1) = 8

P ′(1) = 8 + 6 + 8 = 21

P ′′(1) = 24 + 6 = 30

P (3) = 24 ∗ 2 = 48

P (4) = 48

P (x) = −8 +
21(x− 1)

1
+

30(x− 1)2

2!
+

48(x− 1)3

3!
+

48(x− 1)4

4!

Z uLeg��hvs8egw¨uL�
q(x)

o�byk+�
P (x) = q(x)(x − x0)⇔ P (x0) = 0

h|��u[hGk ego
x0

}�hv}�i
P (x)

u[hG��hvs;egwc^¤� egd\w�f  ���� ��" 6 � 
�
� � � � � � � � � �  ���� ���! 

^�k!hG��bN^¤d]�Co���^ �8oceg��s�o�egs�hGh|�_d]� i0eg��}
Rn(x)

d]hvock+bN^�d]j[h�`�}
Z d[egw�hG��o��gs8ez�~�g^�b0e

f (k)(x)(k = 0, 1, 2, . . . n)
d\egoc������^�s9��d[egfahvhGj�^���^¢�8�]jL}�� hG����e��

[x0, x0 +H ]
�8�]j[}~d]o�`��Iegf

f(x)
hG^�d

Z
f (n+1)(x)

d]oc������^¢d]f2hvhGj
x0 < x < x0 +H

��egd]wc^ ��e egoc}�h|��uL�L��hG���
�gf2iN�

Rn(x) = f(x)−
n
∑

k=0

f (k)(x0)(x − x0)
k

k!

^�b0`��¤^�hG��j[��egw�ochG`C����e
x0 < x ≤ x0 + h

��e ego�}
x
d\k¦��}�jL�

ϕ(t) = f(x)−
n
∑

k=0

f (k)(t) · (x− t)k
k!

Ym¡



Z ^�wchv��o
ϕ(t)

Z
x0 ≤ t ≤ x ��e egoc}

ϕ(x0) = Rn(x), ϕ(x) = f(x)− f(x) = 0

ϕ′(t) = −
n
∑

k=0

f (k+1)(x− t)k
k!

+

n
∑

k=1

f (k)(t)(x − t)k−1

(k − 1)!

` = k − 1
�gfaiN�

= −
n
∑

k=0

f (k+1)(t)

k!
(x − t)k +

n−1
∑

`=0

f (`+1)(t)

`!
(x− t)` =

= −f
(n+1)(t)

n!
(x− t)n

�
ϕ(t)

��eg��^�hv}���s(h|b0egjt�]w�bNfa}�bNf2d bN��e��
x0 < t < x

��egd]wc^ �8�]j[}�^ao�hG����e
x0 ≤ t ≤ x o�eg��iN^��8�]jL}�^�wchv��o$^�hv��jL��egw ψ(t)

hG^�d� b �;� x0 < c < x
d]fahGhvj

x0 < x
o�eg}���hG��k �

ψ(t) � e
ϕ(x)− ϕ(x0)

ψ(x)− ψ(x0)
=
ϕ′(c)

ψ′(c)

Z
ψ′ 6= 0 � e ψ(x) 6= ψ(x0)

^�� ��^�^�d]k ��hvi0eg��e
−Rn(x)

ψ(x)− ψ(x0)
=
−f (n+1)(c)(x − c)n

n! · ψ′(c)

Rn(x) =
f (n+1)(c)(x − c)n

n! · ψ′(c)
(ψ(x) − ψ(x0))

s�}�jL��e �
ψ(t) = (x− t)n+1 d]k�oc��}��\uLk

Rn(x) =
f (n+1)(x− x0)

n+1

(n+ 1)!

Z � ����oc��s$hvwcs5d\hvock+by^ ^a��ez�Cfteg�[^�hv��jL��egw
��� � ����� � �	����  ���� ���!3

� b �;�
x0 < c < x

d\fahvhGj

f(x) =

n
∑

k=0

f (k)(x− x0)
k

k!
+Rn(x)

Rn(x) =
f (n+1)(c)(x − x0)

n+1

(n+ 1)!

c ∈ (x, x0) � � ∈ (x0, x)

���



�)� � ����� � �	���� � �.��
���� � �	� � 
 � ���  ���� �����

Z
x = 1 � e x0 = 0

�
f(x) = ex

� j[�[Z ^a`CegjL��^ hGoc��k¦d\egocw�i r s9b�jLegh�`�s�`��
e
ocwciNfa^�d]k�}CbN� �

e(k)(0) = 1

ex =

n
∑

k=0

xk

k!
+Rn(x)

e =
n
∑

k=0

1

k!
+Rn(1)

Rn(1) ≤ 10−4

2

Rn(1) =
ec

(n+ 1)!
<

10−4

2

ec < e < 3

=
3

(n+ 1)!
≤ 10−4

2

(n+ 1)! > 60, 000

n+ 1 = 9

9! = 9 · 8! = 40, 320 · 9 > 60, 000

e = 1 +
1

1!
+

1

2!
+

1

3!
+

1

4!
+

1

5!
+

1

6!
+

1

7!
+

1

8!
+R8(1)

0 < R8(1) <
3

9!
<

10−4

2

s��Cs ∣
∣f (k)(0)

∣

∣ ≤
� d\egoc������^ts9� u[k e �

x0
� }�s�s8ez� � x0

^a`CegjL��^¦d]}�hG}�iN}�o�`�i s9�Cf_d\egwchv��oc} ^ao�hG���
f(x)

u[k  ���� � #��� �

hv��k �
x0

d]}�hG}�iN}
x
s9�Cs;e

k = 0, 1, 2, . . .

|Rn(x)| ≤

�
(x− x0)

n+1

(n+ 1)!
−−−−→
n→∞

0

lim
n→∞

an

n!
= 0

x ∈ (−∞,∞)
s9�Cs

x0 = 0
}�hv}�i

f(x) = sinx
d]k_��d\w�� � ^�fa�Ie `

∣

∣

∣
f (n)(x)

∣

∣

∣
≤ 1

� �



−∞ < x <∞ s9�Cs
Rn(x)→ 0

d]hGock2bN^ �z�Cs
f (2n)(0) = 0

f (2n+1)(x) = (−1)n cosx

f (2n+1)(0) = (−1)n

sinx =
1 · x
1!
− x3

3!
+
x5

5!
−+ . . .+

(−1)nx2n+1

(2n+ 1)!
+R2n+2(x)

R2n+2(
π

18
) =

(−1)n−1 sin c ·
(

π
18

)2n+3

(2n+ 3)!

|R2n+2| ≤
(

1
5

)2n+3

(2n+ 3)!

10−4

2
>

(

1
5

)2n+3

(2n+ 3)!

n = 1

(

1
5

)5

5!
=

1

120 · 625 · 5 <
10−4

2

R2n+2 (2π) =
(−1)n−1 sin c · (2π)

2n+3

(2n+ 3)!
<

72n+3

(2n+ 3)!
<

10−4

2

n = 12

u[hGhvjLd]f �
ln(x+ 1)

s9b-o�egs�hGh|� � egd\hvw¨o�eg}��  ��� ��",+ : "
Rn(x)→ 0

Z ^a�\��e ez�]}
x
o�eg}���jLo�o�egs�hvhv��o�ez� d]k¦� d]wcs��gd]hG�\�z�Cs;e �−1 ≤ x ≤ 1

o�byk+�~j[o

x0 = 2
}�hG}�i 1

x3

s9b�� egs;hvh|�_��egd]hvw � k!fa��e `

f(x) = x−3

f ′(x) = −3x−4, f ′(3) =
−3

24
=
−3!

25

f ′′(x) = −3 · −4x−5 = −3 · −4 · 2−5 =
4!

6

f (n)(x) =
(n+ 2)!(−1)nx−(n+3)

2

f (n)(2) =
(n+ 2)! · (−1)n

2n+4

1

x3
=

n
∑

k=0

(n+ 2)!(−1)k

2k+4k!
(x − 2)k +Rn(x)

Rn(x) =
(n+3)!

2 (−1)n+1c−(n+4)(x − 2)n+1

(n+ 1)!
=

=
(n+ 2)(n+ 3)(−1)n+1(x− 2)n+1

2 · cn+4

0 < c < 2

Z � hv��eg^�s�u[hG��`�egh k+s�eg��� ��kt^��\}�s9bN}~s�}�k �
0 < x < 4

k eg^¤hGs�fahGiNj[f2^¢uyeg� d]^ � ^�bN�8f2s�Z
Rn(x)→ 0

��k
1 < x ≤ 2

uLk � ^�oc�8^
� �



^���egd]�\hG^�d k!fa��e `

f(x) =

{

e−
1

x2 x 6= 0

0 x = 0

f(0) = f ′(0) = . . . = f (n)(0) = 0

hv��k
e−

1
x2 = 0 + . . .+ 0 +Rn(x) = Rn(x)

Z o�egs�hGh|��uyeg��hvs;egw�d]oc���8}�^�hG��j[��egwcs$}�ocj[d\^�s��gd]hv�]k!s

f ′(0) = lim
x→0

f(x)− f(0)

x− 0
= lim

x→0

e−
1

x2

x

t =
1

x
−−−→
x→0

±∞

= lim
t→∞

te−t
2

=

= lim
t→∞

t

et2
= lim

t→∞

(

t

et2

)′
= lim

t→∞

1

2tet2
= 0

f ′′(0) = lim
x→0

f ′(x)

x

uLs9b
n
s9�Cs9b � ez�C�\`�hGfad

lim
t→∞

tn

et2
= 0

lim
x→0

e−
1

x2

xn
= 0

W0TVO��m� 
?M W0T�
{T � W��aKLR¥� � M\H  � 
{T£Q�W �aH �]� D�E����
Z
f ′(x) = 0 ⇐⇒ f(x) = C � ������� hG��k

(a, b) � }~^�ochv��� f(x)
hG^�d  ���� � #��� �

^�o�`���^�^�f ⇒ ��& " � >x@ "� b �;�
x0
� e x �ghv} c byh]Z �8�]jL}�hG^�bNs9� x � e2�;�]jL}~^��ceg}�j x0

hv^�d �⇐
f(x) = f(x0)

x− x0
= f ′(c) = 0

Z �ceg}�j
C
o�bNk2�

f(x) = g(c) + C
hG��k

x
s9�Cs

f ′(x) = g′(x)
uLk e

(a, b)
�;�]jL}~d\egochv���

g � e f uLk  ����� #��� �

Z
F (x) = C

�z�Cs;e � l(^�d\o�������b�^�ochv���[^ahv��j[��egw�k!hG^
F (x) = f(x)− g(x) hv� & " � >x@ "

Z
(a, b) � }�^�ochv��� f(x)

hv^ad  �� � � #��� �

d\`�o�egh k!s
f(x)

hv��k
x
s��Cs

f ′(x) ≥ 0
uLk •

� 	



Z byf2ft^�s;eg�
f(x)

hG��k �
x
s��Cs

f ′(x) > 0
uLk •
& " � >x@ "

� �g^�bNs9�
x1 < x2

� j[� •
f(x2)− f(x1)

x2 − x1
= f ′(c) ≥ 0

f(x2) ≥ f(x1)
�z�Cs �

x2
� e x1

�ghG}
c
� � ����oc��s$hvwcs

�gw�egk�egd[egk+} ����egf •

d\egs8eg�¨k!s�egk�d\e `Cocegh d[eghv��jL��egw�hv}���s5d[egw�jLd d\eg��j[iNf2^ �z�Cs;e�� d\`Cocegh −f(x) ⇐⇒ ^�s;eg�
f(x)

 �� � ��",+ : "
Z
x
s9�Cs

f ′(x) ≥ 0
hv��k � d\`�o�egh k!s;e

(a, b) � }~^�ochv��� f(x)
uLk  ���  #��� �

& " � >x@ "
f ′(x) = lim

h→ 0
(h > 0)

f(x+ h)− f(x)

h
≥ 0

k!fa��e `

y = x3

y′ = 3x2 ≥ 0

y = xe−x

y′ = e−x(1− x)
y′ > 0 x < 1

y′ < 0 x > 1

Z
y(1) = 1

e

k!eg^teg�\^�}�hG}�iN}�hvfahGiNj[f2^ �8oc�8^2e�� uyegfahviNjLf�d\`CegjL�
x = 1

�z�Cs8e��
1 � s$s;hvfahGf�d\`�o�eghGe 1 � s$s�k!f�bNft^as;eg��^�hG��j[��egwc^

lim
x→−∞

xe−x = lim
x→−∞

x

ex
= −∞

d\fahvhGj¥uLk � �Ìuyegfahv��hGftegk �2uyegfahviNjLf � d]hvf+egj[f¦uLegf2o8�]iNjLk_d\`CegjL�[k!ocj[d
x0

Z
x0

d]}�hv}�iN}�d\oc`C��egf
f(x)

hv^ad  ��� 3,",+.-0/1"
Z �
f(x) ≥ f(x0)

�
f(x) ≤ f(x0)

^a}Cb
x0

s9b�^a}�hv}�i
Z
f ′(x0)

d\fahvhGj k!s9b_egk
f ′(x0) = 0

egk hG��k � hvf2egjLf~uLegf2o��]iNj[k¢d\`CegjL��f
x0
uLktZ

x0
d]}�hv}�iN}$d]o�`���egf

f(x)
hG^�d  �� � � #��� �

Z hvf+egj[f�uyegfahG��hGf���hG��� � hvf2egjLf�uLegf2hvo��]iNjLktd\`CegjL�
x0

� egd]� & " � >x@ "
Z u[hGo�f+eg�y^�faocw¨hGwcs5hG��k¦d]fahGhvj

f ′(x0)
� hv���

uLhv��ezb�uLhv��fahGipbNh
f(x) � s�uLk x0

d]k¥^�oc}�eg�8}��gfahGi ^�wchvs�� f
f(x) � bSocfak!�5Z

x0
d]}�hG}�iN}�d\oc`C��egf

f(x)
hv^ad  ��� �'",+.-0/1"

Z
x0

s�b-uLhG`C`���^�hG�GbN}
Z �Ìd\hv}�eghG�t^�f2k+d\^�}tegk��!d]hvs�hGs9b d\o�������e��

x0
� s��ghGfahvf��Ìd]hvs;hvs9b egk�� d\hv}�eghG�td]oc�����Nd]s���}�e

x0
� }¤^�wchv��o f(x)

u[k  �� � � #��� �

Z �ÌuLegf2hviNjLf ��uyegfahG��hvf�d\`CegjL�
x0

hv��k �
x0
� s�s�k!f�bNf

rVr



� �)��� ��� � ���������  ���� � ���

� uLhvk!}�^¤uLhvoc}�`�^¤d]k�u[hvbywc� f���(voc`C} � ^�hG��j[��egw�d]j[h�`�}�}
Z d\egiNwck!d]^td\e `CegjL� •

Z ^a`ChvochGe2^�s�hGs���hvf+eg� d •
Z d\egochv��jLe+d\egochGfaj�hvf+eg� d •

Z � eg��hvj�d\e `CegjL� •
d[e `Cegj[��^�s;k!e
� s�k!f�bNf2e �ghGfah d]o�`��IegfS^�hG��j[��egwc^ �g^�}Cb d\e `CegjL��egs�k u[hGhvf2egjLfpuLegf2hv��hvf�egk uyegfahGiNj[f  ��� ��"'+ - /1"

Z ^�f2o��]iNj[k
Z s;egd]hvw�d\e `CegjL� •

d[`Cegj[��}$��k�� ^�wchv��o
y′′
d]oc������^¨uLk Z � �;wchG^�sxegk��cd\egochv^aj[sxd\egochvfajLf�o�}��8f�bNh�^�}�bt^a`CegjL��eg� s;egd]hvw d\`CegjL�  ��� �*"'+ - /1"

Z �Ì^�wchv��o�^�hv��jL��egw�^¤s;egd]hGw¨d\`�egj[��}�h|��u[hG� hv��f �
y′′ = 0

� s;egd]hGw
�´bNh u[k���d\ez�\ez�]wcf2hviNk •

u[k��−∞ � −∞ � }�^��\ez�]wcfahviNk�k!hv^ y = mx+ b
 ��� ��"'+.-0/1"

(f(x)− (mx + b)) −−−−→
x→∞

0

hv��k (mx+b)−f(x)
x −−−−→

x→∞
0
u[�[��k

(mx+ b)− f(x) −−−−→
x→∞

0
u[k

m+
b

x
− f(x)

x
→ 0

m = lim
x→∞

f(x)

x
b = lim

x→∞
(f(x)−mx)

����
 � � ���� �1�)��� �  ���� � �! 

^afao��]iNj[k¦d]j[h�`�}�s�� ezbNk!o�^ s;s9�C^  ��� � #���� �

Z
x0
� }~^�wchv��o f(x)

uLkt^�fao��]iNjLk¦d\`�egj[�
x0

hG��k �
x0

^a`CegjL���8oc`�^�oc}�eg�8}��gf2hvi§^aw�hGs�� f
y′
d]oc������^ �

y = f(x)
^�hG��j[��egwcs�u[k

� k!fa��e `
y = x2e−x

y′ = e−x(2x− x2) =

= e−xx(2− x)

x
l q

y �
l

� � �
y′ � l

�
l �

y′′

d\`�o�egh ^�hG��j[��egwc^
x ≤ 0 � } •

^as;eg�¨^�hG��j[��egwc^
2 ≥ x ≥ 0 •

� �



Z d\`Cocegh\^�hv��jL��egw�^
x ≥ 2 •

y′′ = e−x((x− 2)2 − 2)

y′′ = 0 x− 2 = ±
√

2

x = 2±
√

2

Z ^�o�eg�8j¥k!hG^¤d\o�� k e
x ≤ 2−

√
2, x ≥ 2 +

√
2
uLhvf+eg��d\}�^aocegf2j¥^�hG��j[��egwc^ �z�Cs •

Z s8egd]hvw�d\e `CegjL�\uL^
x = 2−

√
2, 2 +

√
2 •

^�f2o8�]iNjLktd]jLhG`C}�s$hv��bN^¤s;s9�C^  ���)� #���� �

Z
f ′(x0) = 0 � e � x0

^a`CegjL��}�u[hGhvfa��w�^�ochG���
f(x)

hG^�d
Z uLegf2hv��hvf�d\`�egj[�

x0
hv��k

f ′′(x0) > 0
uLk •

Z uLegf2hviNjLf¤d[`Cegj[�
x0

hG��k �
f ′′(x0) < 0

uLk •
Z
f ′′(x0) > 0

s�byf2s�� hv��� & " � >x@ "
f ′′(x0) = lim

h→0

f ′(x0 + h)− f ′(x0)

h
= lim

h→0

f ′(x+ h)

h

hG��k �
h < 0

uLk!eLZ
x0
� s��ghGfahGf ^�s;eg� f(x)

�z�Cs;e
f ′(x0 + h) > 0

hv��k
h > 0

uLk-Z f ′(x0+h)
h > 0

^�}Cb
h = 0

s9b ^�}�hv}�i-bNh � �z�Cs
Z
x0
� s�s�k!f�bNf d\`�o�egh f(x)

�z�Cs;e
f ′(x0 + h) < 0

[−π, 3π) � }�^�f2o��]iNj[kt}�bN� � y = x+ 2 sinx
k!fa�Ie `

y′ = 1 + 2 cosx = 0

cosx = −1

2

x =
2π

3
,
4π

3
,
2π

3
+ 2π,

4π

3
− 2π

y′′ = −2 sinx

y′′
(

2π

3

)

= −
√

3 < 0 � �����������

y′′
(

4π

3

)

=
√

3 > 0 � �	� � �
���

y′′
(

2π

3
+ 2π

)

= −
√

3 < 0

y′′
(

4π

3
+ 2π

)

=
√

3 > 0

d]fahGhvjLf2e �
x0
� }�uLhvf2�8w n ^�ochv��� f(x)

hG^�d  ����  #��� �

f ′(x0) = f ′′(x0) = . . . = f (n−1)(x0) = 0

f (n)(x0) 6= 0

���



Z uLegf2o8�]iNjLk¦d[`Cegj[�
x0

hG��k � hG��eg�
n
u[k •

Z uyegfahG��hGf d\`CegjL�
x0

hv��kthv�Ieg�
n � e f (n)(x0) > 0

uLk •
Z uLegf2hviNjLf d\`CegjL�

x0
hv��kthv�Ieg�

n � e f (n)(x0) < 0
uLk •

Z uLegf2o��]iNj[k�d\`CegjL�\^�����hvk
x0

hv��kthG��eg��hvk
n
u[k •

hv^�d
x0

d]}�hG}�iN}�hv��k
x0
� }�uLhvfa��w n ^�ochv��� f u[k+b�eg������eg^ & " � >x@ "

f(x) = f(x0) +
f ′(x0)(x − x0)

1!
+
f ′′(x0)(x − x0)

2

2!
+

+ . . .+
f (n)(x0)(x− x0)

n

n!
+ (x− x0)

n
α(x)

Z
α(x) −−−−→

x→x0

0
o�bNk2�

f(x)− f(x0) = (x− x0)
n
[

f (n)(x0)
n! + α(x)

] � eg��s�b�^�ocjLfa}�e
Z uLegf2hv��hvf�d\`�egj[�

x0
hv��k

f (n)(x0) > 0 � eahv��eg� n uLk
����� �)� ���	� ��� � �)� � � ����
 �  ���� � �!3

y = f(x)
^2`Cegj[��} �8oc��sAjLh|bNfa^�uLk

x0
� }5^�ochGfaj f h|� ocf2k+�]Zx0

d]}�hG}�iN} d]o�`��Iegf2e
x0
^a`CegjL��}5^�ochG���

f(x)
hv^ad  ��� 3,",+.-0/1"

Z �8oc��s�s���f ����fa�
x0
}~jLh|bNfa^¤uLk

x0
� }~^�o�eg�8j f � b-ocfak!�LZ

x0
s9b�^�}�hG}�iN} �8oc��s �´bNs�� ^t�g}�egf2} � d]� d]ftk!��f2�

x0
^2`Cegj[��}

k!hv^�j[hvbNfa^¤d]k e ezbyf �
(x, f(x0))

�8o�`�`�}�eg� �8oc��^ae
f ′(x0)

k eg^¤�cegwch|bN^ �
x0
� }~jLh|bNfa^¤d]k e ezbNf

y − f(x0) = f ′(x0)(x− x0)

g(x) = y = f(x0) + f ′(x0)(x − x0)

Z
x0

s9b-^a}�hv}�iN}
g(x) ≤ f(x)

h|��^���oc���
x0
� }~^�o�egf2j f

uLk
�
x0

}�hG}�i§� ezbNk!o�ocegs;h|����egd]w�^�bN���[Z
f ′′(x)

d]oc������^�d]fahGhvj
f(x) � s�hv��� hv��� � ^�d\�

f(x) = f(x0) + (x− x0)f
′(x0) +

(x− x0)
2

2
f ′′(x0) + (x− x0)

2α(x)

� hv��k �
g(x) � s�^ae ezb���egd]hGwc^ s9b�� ezbNk!oc^ j[s�� ^�h|��^�k!oc�\Z eg^�bNs9�

α(x) −−−−→
x→x0

0 � e

f(x)− g(x) = (x− x0)

[

f ′′(x0)

2
+ α(x)

]

Z
x0

d]}�hG}�iN}
f(x) ≥ g(x) ��k e � hvs;hvs9b�hvkt^�hG^�h

f(x)− g(x) s9b �gfahGiN^ae�^a������^�s��gd]hG�
α(x)

�
x0

d]}�hG}�iN}�hv��k
Z ^�o�eg�8j � ocf2egs�� � f(x) ≤ g(x) u[hGhvjLd]f x0

d]}�hv}�iN}�� k (|� �
f(x)− g(x) ≤ 0 � b��8}�eg�]��k �

0 > f ′′(x0)
uLk � �8wchv^�s;e

� hv����e �
x0
� }~u[hGfa��w n ^�ochv��� f hv��� hG���  ���� � #��� �

f ′′(x0) = f ′′′(x0) = . . . = f (n−1)(x0) = 0

Z
f (n)(x0) < 0

uLk
x0
� }�^�o�eg��jLe f (n)(x0) > 0

uLk
x0
� }~^�o�egfaj f

hv��kthG��eg�
n
uLkZ n

� �



Z � �;wc^�^tegk�o�egfaj¥d]hGs�k!f�bN}�e2o�eg�8j§k!eg^�d]hG��hvfah!^�}�hv}�iN}�� ocf2egs9� �as;egd]w�d\`CegjL�
x0

hv��k � hv��eg� hGk
n
u[kZ q

�
x0

^a`CegjL��}�o�egs�hGh|�_� egd\hvwcft��k
f (n)(x0) 6= 0

& " � >x@ "
f(x) = (f(x) + (x− x0)f

′(x0)) +
f ′′(x0)(x − x0)

2

2
+ . . .+

f (n−1)(x0)(x − x0)
n−1

(n− 1)!
+

+
f (n)(x0)(x − x0)

n

n!
+ (x− x0)

nα(x)

hv��k �
α(x) −−−−→

x→x0

0
�z��e

f(x)− g(x) = (x − x0)
n

[

f (n)(x0)

n!
+ α(x)

]

F H©�LTVOaH�� D�E��VD
� � � ����� ��� �)� �  ����  ���

�8�]jL}
x0
� s jLh|bNfa^�s�b ��egd]hG��^¢d\`CegjL�!d]k�u[hGk+�Cegf¢hv��ktZ �8�]j[} x0

uLhvoc��eg} �
f(x) = 0

uLhvhvjLfa^
[a, b]

�8�]jL}
x
k eg��fas d]��f s��

u[hGochG`���f�Z ^�s�hGs��¤o���eg��e��8egd]hG� ^ d\`CegjL�\s9b
x � ^ o�eg��h|by� x1

d]k¦uLhvoc��eg}�e

x1 = x0 −
f(x0)

f ′(x0) � ^�hv��jye `���hvk!}�e
xn = xn−1 −

f(xn−1)

f ′(xn−1)
, n = 1, 2, . . .

Z
[a, b]

�8�]j[}~h|b0egj�d]o�`�i�^�hG^�d
xn � b-hGeg��o��z��s�� � |c− xn| d]k �;hGo���^�s�uLhv�Cego � f(c)

k!eg^ � egocd]wc^ uLk
Z �8�]j[}~d]hG��ez�\eg��egf ^�hG��j[��egwc^ae

f(a) < 0 < f(b) � b ��� [a, b]
d]k¦o�eg� }�s�h�eg��o

��� � ��
����.����� ����� � � � ��� ��� �)� � ��� 
  ����  �! 

Z
f(x0) = x0

u[k�k!o�jLd
x0

^a`CegjL�[Z
I
�;�]j�s��¨d]o�`���egf ^�hG��j[��egw

f(x)
hv^ad  ��� �'",+.-0/1"

Z
x0

d]}�b-d\`CegjL�]bNh!hv��k¦egf2���¨s��
I
d]k¦^�jLhvd\�8f+e

I
o�eg��i-�;�]jL}~^�wchv��o

f
u[k+b-}�s�egfah|b  ��� �*",+ : "

o�h�`����\Z egf2���¨s���egd\egk�^aj[hGd]�8f+e
[a, b]

�8�]j[}~d]o�`��Iegf
f(x)

^�hG��j[��egwc^ & " � >A@ "
g(x) = f(x)− x
g(a) = f(a)− a ≥ 0

g(b) = f(b)− b ≤ 0

Z uLhvhG��hG}�^ �;oc��d]oc����}�uLh|�ChvbNfaf2e
K > 1 � e |f(x)− f(y)| ≤ K |x− y| uLhvhGj[d\f x, y ∈ [a, b]

s9�Cs�uLk � ��������

f � b ocfak!�%�

f : [a, b] → R
hG^�d  ���� �,",+.-0/1"

Z ��eg}�j

� �



|f(x)− f(y)| ≤ K |x− y| uLhvhGj[d\f2e K > 0
uLhvhGj_^aoceg}��;b

f
^�hG��j[��egw�k!hG^ �8h|bNwchvs$d]hG��j[��egw  ��� �,",+.-0/1"

Z ^ae ezbp^a`�hGfa}~^�wchv��o�k!hv^¤hv��kthvw�egi0e2o�eg��i-�8�]jL^¢uLk e�� ^�wchv��o�k!hv^ �;hvbywchGs5d]hG��j[��egw�b-o�egoc}
�;��}~s9bpd]}CbN^�d\`CegjL�]�]w�bNf  ����� #���� �

d\fahvhGj[f � ocf2egs9� � ^a`�hv� h�e d]� k
c
d]}�bSd\`CegjL�ybNh

f � s�hv��k K < 1
�8h|bNwchvs��ceg}�jpuL��d\�Ce ez�Cf_^aj[d]��^

f : [a, b] → [a, b]
hv^�d�

f
s�b-d\eghG��o8�]hGk¦h�`�h!s���d]s�}�j[d\f�b-d[e `Cegj[��^ d]o�`�i�k!hv^ {xn}∞n=0

uLk
x0 ∈ [a, b]

s9�Cs � �z��s���ocd]h]Z
c = f(c)

x1 = f(x0), x2 = f(x1) . . . , xn = f(xn+1)

Z
xn −−−−→

n→∞
c
hv��k

� � egh�e ezby^ hGk¦h (|� |xn − c| d]k¦ocf+egs9� � ^�k!hG��bN^¤d\k �8hvoc�8^as��gd\hv� � �z��s;��ocd]h
|xn − c| ≤

Kn

1−K |x1 − x0| −−−−→
n→∞

0

� ochG`C���]hv��k � ^�f+egiN�
f ′(x)

u[k e �
[a, b]

�8�]jL}�^�ochG���
f(x)

u[k  �� � ��",+ : "
K := sup

x
|f ′(x)| <∞

� b �;�
y � s x �ghv} ξ ^a`�egj[�[d]fahGhvj�� x 6= y

s��Cs � � ����oc��s5�]w�bNf hvwcs5hv���
K
��eg}�j[^¤uL� �;hvbNw�hGs5d\j[d]��^ k!hv^

f
hG��k

∣

∣

∣

∣

f(x)− f(y)

x− y

∣

∣

∣

∣

= |f ′(ξ)| ≤ K

F1(x0) = f(x0), F2(x0) = f (f1(x0)) , . . . Fn(x0) = f (fn−1(x0))
�gfaiN� & " � >x@ "

Z hG�8}��
n
hv^�h

|f(xn+1)− f(xn)| = |f (f(xn))− f (f(xn−1))|
≤ K |f(xn)− f(xn−1)|
≤ K2 |f(xn−1)− f(xn−2)| . . .
= Kn |x1 − x0|

Z
c
s8eg}���s�d]iN���Cd]ft�z�Cs;e � h|b0egj¥d]o�`�i�k!hv^ {xn}

m < n
hv^�h & " � >x@ "

|xn − xm| = |(xn − xn−1) + (xn−1 − xn−2) + . . .+ (xm+1 − xm)|
≤ |xn − xn−1|+ |xn−1 − xn−2|+ . . .+ |xm+1 − xm|
≤ Kn−1 |x1 − x0|+Kn−2 |x1 − x0|+ . . .Km |x1 − x0|
= Km |x1 − x0|

[

1 +K +K2 + . . .+Kn−m−1
]

=
Km

1− k |x1 − x0|

d\iN�G�Cd\f_�z�Cs;e+o�eg��i �8�]j[}�hvb0egj§d]o�`�i
xn

�z�Cs |xn − xm| ≤ ε
^�hv^�h �

n > m ≥ N(ε)
uLk+b �;�

N(ε)
uLhvhGj

ε > 0
s9�Cs � �z�Cs

Z
c � s

|c− xm| ≤ Km

1−k |x1 − x0| s;}�jL� n→∞ �8hGk2bN�]s�(|��^ � eghGe ezbN^ hvk!}~uLk
� �



Z
c = f(c)

 �� � ��" 68:$#
c← f(xn) = xn+1 → c

�
f
d\egwchv��ocf2e �

xn → c
� u[��f2egk e

d]}�b-d\`CegjL�
d
uL�Lu[k�h|��^2`�hv� h!k!hv^

c
d]}�bN^¤d[`Cegj[�

d = f(d), c = f(c)

|c− d| = |f(c)− f(d)| ≤ K |c− d|

Z
c = d

�z�Cs;e � ^�ochvd]ipeg��e��
K > 1

uLk¦jLo�u[hGhvjLd]f
Z
[0, a]

�;�]jL}~d]�Ce ez�Cft^�jLd]��^¤k!hG^
f(x) = cosx

^ahv��jL��egwc^¤hv��k
1 ≤ 0 ≤ π

2

hG^�h � k!fa��e `
0 ≤ x ≤ a , |f ′(x)| = |− sinx| = sinx ≤ sin a =

�

d\k�^�j[hGd]��f¦uL��f2k
cosx

^�hv��jL��egw�^��z�Cs�Z
a > 1

� ocf+egs9� �
[cosa, cos 0] ⊆ [0, a]

�;�]jL^�b*�8hvoc��� d]}CbN^td[`Cegj[��} byf2d bN^�s¨h�`c�
Z
[0, a]

�8�]jL}
c = cos c

�
c
d\}Cb-d[`Cegj[�\bNh � �8��}��]w�bNf hvwcs � ��k!e2Z ez��egd]s

[0, a]
Z
a = 1, x0 = 1

oc� }��\Z k
K = sin 1

|xn − c| ≤
(sin 1)n

1− sin 1
|1− cos 1|

n
�;hGoc��� ^a`CegjL��^¢hGoc��k�d\egocwci

4 � s$`C��jLegh�`¨uLhv�Cego
(sin 1)

n

1− sin 1
(1− cos 1) <

10−4

2
n = 64

Z oc`CiN}�k eg^ae
1 < a = π

3

s�}�k �
1 > a

hv��� �]w�bNfas�}�ez�_k!s
a = π

4

Z }

K = sin
π

3
=

√
3

2

Z
x0 = 0

o�� }��

|xn − c| ≤

(√
3

2

)n

1−
√

3
2

· (1− cos 1)

Z d]h|bNhvf2� ^ ^�ocw�iN^�s�s8ez��e+`C��j[hGhGe `�f
c
� o�f+egs9��Z 10−5

2 >
^�k!hv��b-�gd\h

n = 100
k!fa��e `

f(x) =

{

sinx
x : x 6= 0

1 : x = 0

Z
x = 0

eg��hvk+b
x = sinx

x

^�k e ezbNfas¨� egocd]w�k eg��fas

� l



c = 0.87673
Z
[0, π2 ] � }~d]�Ce ez�Cf f(x)

^����;�

|f ′(x)| =

∣

∣

∣

∣

x cosx− sinx

x2

∣

∣

∣

∣

=
cos |tanx− x|

x2

Z [π
4 ,

π
3

]

⊇
[√

3/2
π/3 ,

√
2/2
π/4

]

f←−−−−
[

π
4 ,

π
3

] �8�]j[^¤d]k¦� jL�

max
π

4<x<
π

3

|f ′(x)| =
∣

∣

∣
f ′
(π

3

)∣

∣

∣
=

3

2π2

(

3
√

3− π
)

< 0.313

x1 = f(x0) = 2
√

2
π

��k �
x0 = π

4

� jL�

|xn − c| ≤
(0.313)
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